Department of Statistics
University of Wisconsin, Madison
PhD Qualifying Exam Part 1
Tuesday, January 22, 2013
12:30-4:30pm, Room 133 SMI

e There are a total of FOUR (4) problems in this exam. Please do a total of THREE (3)
problems.

Each problem must be done in a separate exam book.

Please turn in THREE (3) exam books.

Please write your code name and NOT your real name on each exam book.



1. Let Uy,...,U, be independent and have a uniform distribution on (0,1), and Uy <
+++ < Upyy be their order statistics.

(a) Show that (g;;;,... ,Ug;(;)”) is independent of Upp).

(b) Find the joint distribution of (% e EfU”(;)”)

(10> 2)

(¢) Forn=1,2,..., derive

where 0 < a < 1.



2. A system involves mutually independent and Poisson-distributed random variables X, Z;,
for i =1,2,...,n. For a parameter of interest § > 0 and positive nuisance parameters
AL, A2, . .y An, we know that E(X;) = A\; and E(Z;) = 6);. The measurements available
for inference on f are incomplete; for each ¢ = 1,2,...,n, we observe the pair (X;,Y;),
where

Y; = I(X; > 0)I(Z; > 0),

and where I(-) is the indicator function. Define R; =2Y; — 1, and T}, = > 1 | R, X;.

(a)
(b)

Compute the mean E(7},) and show that it is increasing in 6.

Compute the variance o2 = var(7},) and show that on the null hypothesis Hy : § =

1

(2 n
Nougal <y ut+).
=1 i=1

In the special case that all A; equal a common value A, derive the maximum likeli-
hood estimator of (6, \).

In another special case, the A;’s are not arbitrary but are viewed as independent
and identically distributed realizations of a standard exponential distribution. Find
a consistent estimator for  in this case.



3. Suppose there are two independent Bernoulli random variables X and Y. Assume
P(X =1)=p; and P(Y = 1) = p,. For each random variable, we have n independent
observations: Xi,---, X, and Y1,---,Y;,, where X; are identically distributed as X, Y;
are identically distributed as Y, and X;,---, X,, and Y;,--- .V, are independent.

We consider the following hypothesis testing problem:
Ho:pr =pavs. Hy : py # po.
Let pp = >, X;/n and p = >, Yi/n. Define
Pus g L
V/ 2pg/n
where p = (f1 +p2)/2 and § =1 - p.

We will reject Hy if |T| > z,/2, where a is the type-I error, z,/» satisfies P(Z > z, /2) =
a/2, and Z is a standard normal random variable.

(a) Define
P2 —D
[, =P| —— < —z402 | .
(x/—2ﬁé/n f"‘)

When p; = po, show that II, converges to «/2 as n — oo. When ps > p;, show
that hmy, e Iy < @/2.

(b) Show that the power of the test tends to 1 as n — oo.



4. Let Xj,...,X,, be a random sample from a continuous distribution with density

il
Jap(@) = 7 exp 3 [(z > a), (1)
where —oc < a < oo and b > 0. Define Xy, X(3),..., Xn) to be the order statistics of
the Xy, --,X,. It can be shown that the joint density of Kopy Xy, v ) IO P 50
is
1 =l Yoic1 2 + (n—1r)zey — na
e exp | —== Iz > a). 2
FEa,--2@0) =4 R i 7 (z@y 2 a).  (2)

(a) Let Z; = 2n[X(;y —a]/b. For i =2,...,n, define

(T?, —4 + 1)(_)((?") = _X(?;_l)}

Z?' =
: b/2

Give an explicit form of the joint density of (Z,,...,Z,). Provide details.
(b) For r=1,...,n, show that

Yy Kyt —1 Xy~ nd
b2

follows the x? distribution with 2r degrees of freedom. Give details.
(c) Assuming b is known, determine an explicit form of the UMP test at level a of
Hy:a=aq versus H, : a = ay < ag. Give details.

(d) When b is unknown, for testing Hy : a = ag versus H, : a # ag, consider the
following test statistic:
X = agp

Z?:l [ — X(l)].
Derive the distribution of T under Hy. Provide details.

B

(3)



