135,3"L5ﬂ9

TECHNICAL REPORT NO. 574
July 1979
TWO-STAGE ESTIMATION OF THE MODE
K.N. Andriano

University of Wisconsin-Madison



“(171) A4sties @913084d UL PAUIIUNOOUD SUOLINGLAISLP Auey

‘W < £ pue | > £ Jo4 (14oddns 53t uo) suojouow A32L43S St (K)4 (2)

‘g > W > ® 3BY3 Yans ° apow 3yl ‘wnwixew anbrun e sey (£} (q)
*(£)1 10 2u0ddns 8yl Jo 3UNSOLI AU SL [gee] a4sum (q‘e) (1-1)

[PA427UL BWOS UO DAL}LSOd PUR (ww-) UD SNONULIUDI SL (£)4 (e)

1suoLytpuod A3taenbaa Burmoglos 2yl

satysties ¢(A)4 “A3Lsusp s3L JEY] pue SNONULIUOD f1a3njosqe st “(£)4

‘ypL3oUNg UOLINGLUISLP Y3 JPUF paunsse S| 3] TIUISLSUOD A1 Buoays

aq 01 umoys S| YaLym padoldAap SL 2pow Ayl JO JOIRUL]SS afeys-omy e

BULMOL[0J 2y} U] “UOLINGLJISLP UMOUNUN UB wody U 3ZLS 40 2 dwes wopued
a(buLs © uo paseq de Jey 05 padoIAap SJ0IRWLYSI YT SO Ruey

rdajaweded |e2135L3E1S

[njasn e 29 pLNoM apou 3yl 243YM sa|dwexa [eo1joead uaALb aaey saayzo

pue (1/61) uewbam *(Go6l) sntualeq ieadde (eaijoead s} woay oste uun.

{eadde |en1oa||@3u} S} Woay ALuo Jou PaILNSaL SeY uoljewLlsSa apour ui

352427UL JUSLAND BY]  *SUOLINGLAISLP DFLLUBALUN JU0J UOLIBWLSS Ipow

yItm A[3ALSN]OXD PAUJDIU0d Si Jaded SLy3 *J2A2MOY 23U0p UG OS|® SBY

SUOLINGLIISIP S3BLJRALI[NW 4O UOLFBWL]SD 3POU UC YJOM 2W0§ *MIJ e BweU 03

(8£61) ouetapuy pue (9761) ApP3 *(GL6L) 496BS ‘(pL61) 4BAUD puR UOSIIAGOY

“(1L61) uewBap (296L) 423U <(5961) Japueuasg (5961) sniualeqg

“(vo96l) sjouadyy se aldoad yans jo uoljudlje 3yj paldoeije sey pue umoab

AL1BNULIU0D SPY SUOLINGLAISLP SNORULIUOD 04 UOLIeWLlsd 3pow ajerdeAtun ug

153493uL 3y} (2961) USZJEd S0 HJAOM |BILSSELD Ay} YILM Buiuurbag

uo13anpoaIu] |

£oua3sisuod Buosys ‘uoriewryss abeis-oml “apow 1saseayd pue spaom A3y

-sa|dwes wopued 816uis uo paseq sdojewrls?

Jano juawarosdup ue 3q Y6lw Jojeutlsa Iy} usym 0} Sse uanlb osye

S| UDLSSNOSLP BW0S 3udYSEsuod A Buodls Si Jdojewllss Juel(nsad syy
JBY] MOYS pue 2pow 3y} JO J03rwLlsd beis-om} e dojaaap 01 Jaded siy}
Jo asodand ay3 st 31 U IZLS JO ajdues wopued a{burs e woJj Ipow 3yl
a1ew13sa sanbLuydal 350 “S4eak Juadad ul uoLjuslje 31qRJ4apLSu0d

PaAL2234 SBY SUOLINQLUISLP SMONULIUOD DIRLIBALUN JOJ UOLIBWLISS 3POY
Aaeunng

*Y'S'N 90LES ‘ULSUOISLM ‘uUOSLPERY
UOSLPRK-ULSUODSLN JO A31S49Atun ‘Jusawlaedag SIEISLIRIS

ouepapuy NN

apoW 2y} 4O uotjewrlsy sbe3g-omL



[(u)y W] pue W < (w)y 41 *L = (u)p 331 W > (w)y 41 :Bupmorioy ay3
Aq pauljap 3|geLdeA wopuBJL 333J0S1P B aq (u)e 221 u yoes aoy
) *A3LuLyul 01 Spual u se uayel ade sjLwi] |2

‘butmo| [0} 8y3 up ‘osly -paxt} wayl deay uayl pue 0 pue Lysh asooy) *10044d

L odm We(ntu)y uayl

|=u
L2020 LR A0y fe >y U M (2'1)
pue
ool %
0 = uf(u)a wry (Lt)

Y3 Yyons uIsoyd st (u)ua sasbazur jo aduanbas ayy 41 "L p wadoayy

*fouajsisuoy

*daded siy3 ur pansand aq jou |[im © ue Bursooyd Jo
SOluBydsW |enloe 3yj 333 ‘azys ajdues ayy (A)4 10 sI13sLUd10BARYD
8yy uo puadap A|SNOLAQO |[LM 3sh 03 © jo (s)anier ajetadoadde ay)

‘L >0 > 0 1BY1 UOL}OLIISAA BYF 03 3923[QNs ,J3jaweded 234y, B S| D IAUM

ﬁzvgxﬁa-ﬁu o (U (Ut | (eu)y

‘ kq
pautyap st “(m°u) “uaojewir}ss abe3s-oml ayj ‘u Jo anpea Aue Joq

L= (u)y 38l fL o+ (u)a > 3 41 tuaylang patyroads aq o3

s4aba3up 4o @ouanbas wopurduou ® St (U)d dAym {(U)a-3* 2t = [

"hx-a=UL+ﬂxuc_E = (Upy () (), autyap [ + (u)d < 2 41 :smollo}

Se {u)y ILqBLARA WOPURA 213J951p Ay aurgap *lw 4w < u Aoy Moy

-f-

*s 4+ (W) = 3 d49uYm u~.....-.- 40 S21351303S J3apao ayj juasaadaa
Iyeennalyely 391 pue [(w)y*(w)7] ur paurejucd aJe jey; A_E+EwVw_+EU w_wx

asoyy juasaadaa ﬁ_Ewmu m+Any~.....~+ﬂva~ 327 °(A)4 woay pajdwes ade
L

Ul o2t I g0 19eA0a5q0 Wopuea [euor3ippe lw mou asoddng
)} PR S
Aq pajoudp aq [(w)y*(w)q] ut psutejuod s,k ayy 327 ([ dM) suo
A1t1Lqeqoad yim (b)y«(w)y pue (b)7+(w)7 eyl umoys aaey (pf6l) 4244) pue
U0S1J43q0Y UYL *suolIeAasqo (w)y bulupejuod [eAUaIUL 3SIL|PWS Iy} aq
03 pauptep st [(w)y*(w)q] 41 -A3tutgur 03 spual w se baw/(w)y pue
w > (W) 18yl yYons uorlduny panier-sabajul ue aq (w)y 39| pue (A)J4 wouy

w 971S jo d[dwes wopues e aqg Weeoooolgelp 337 -aojemiysa syl - cz-z

“((b)y*(b)1)2u 1By} 995 03 Asea ose si 3
*[(b)y*(b)7] 40 =nbsagay ayz ueyl Jajeasb £130141S St g JO UNSEAW INbSIQIT
ay3 vayl o < uvaauhﬁﬁcvm.AUUJHqQH st pue b 2 3p(1)37] 1ey3 yons
19§ |a40g Jayjo Aue si g J} eyl asuas ayj up b A3rirgeqoad Burupejuod
395 3sajdoys anbrun ayy st [(b)y*(b)7] 1eyl umoys aq osie ued 3]
*Buimol oy @yl ut
[(b)y*(b)1] Leasajup 2yl se 0} paauagad aq LM [(A)AA] Leadajuy uzh
‘b =ap(a)s aﬁ 1e4} Yons (W e]3L e SISIXD BUAYF eyl umoys aq AL 1sed

AN o &
L 5bo>0 ‘b asqunu yoea u04 *q = (A)A 321 0 = ( A)} It

o~

ued 11
T i o
A3 (K)3 sn<hlaur = (CA)A
£Aq ﬁomu> AULIAP O < Aoavm pue az.mHuoa Jo4  Csapdeulwi|dadg |t2

~abjewrysa abeis-om3 y

-7~



Jeyl ased ay3z st 3¢ ((u)¥ $0 uolILULIDP 2y} O 2ouUINbISUOD FIBALP B
sL AL3|enbaul puodas ay3l ‘snonuijuod A|aznjosqe st (A)4 |duls | dm

prieA si A3rpenbautl 3sail ayj) Acuﬂx|n=UL+ﬁcwwx N A:Ex%:fl:ix >0

dysuoizeias auz pue (g°p) bursn S5y %5y Lsam 1o "papasu st (5L61) 4abes
40 euwR| Bupmollo4 Ay} ‘| = (Es)d = (%s)d = Aﬁmu& Jey3 Moys of
(U (u)as(uhny (u)p pue 0
ﬂcux A:UL+Acvx ‘L = (Ys)d sueaw siy3 Ing | dm |J 01 abasAuod
»h xu.._ln x: - T.;u T.&..I.T._Vn.x pue n:uwx jeyl mwmucm.hm:m SJdaqunu wm._m_. 40 me| m:c;um ayl
(U)o, _(u)as(u)r, (u)q
(u)e (U)as(u)g B ‘L dm (b)y « (w)y pue sploy (L-¢) @durs “adusy *A3Lpiqeqoud aApjisod sey
K X)4- X)4 = (u)e
( i M=) 0 <9 “[9+WW] w0} 2yz 10 [eALBIUL AU2A3 “sploy (L°L) 2duLs
72] diysuoLje[ad JuawULRIUGD 3YJ MOYS 0] "3|nsaJ 3yj sduay pue
"t = (¥s)g *snup - dm | [(u)s] 03 sabusruod (y°p) 3ewy ased auy sy 3t pam o (AP Dy gy (um yorum s 5 Bs u %5 U Ls qeuy pue
‘1 = (Ls)g Bursn pue |-p ewway uy (U0 _ Yg pue g = Yy 385 tsnyy L= (%s)d = (%)d = ('s)d = (O5)d mous 01 ag (11n yooud o poyzaw ayp

“Ldm  [(W)3] « A pue U 2ews quoppas st ap “(171) 40 mata up pue | = (O5)4 @duis
; ﬂ ‘ LAy =( P (P g Dby (1P iy - O

(L (0 4- ({0 5

T g= O £ (D0 (D) gy - S

() () 3= (L0 7%

u | L= g (P g- (g < % (en)
A+ (v-v)
. u u)d+(u
_-acvgcmﬁﬂcuqxvmgﬁﬁcug+ﬁ=vaxvmu ﬁﬁcgaxvm-ﬁncvg+ncvqxvm Hﬁu_.ﬁcvucﬁﬁa 10y - (40 sy 1] = _m
(o 03T g% 7 7 TG T eey , T 0wy (U0 m1] - %
311JM puUe hﬁzum-ﬁAcgwxvmuxﬁz-ﬁcgqu = => . : 1sjuaA2d Buimo[|o) Byl 43pLsuo)

pue ﬁﬁz“m-ﬂﬁ=VL+ﬂ:vwxumu\ﬁz-«=uL+n=vwxv S I ETIR I Hmmgm *| dM Su0lIRAUASGO | + (u)d upejued ALpenjuaAa [Lim [ (uw)y W]
3Ryl 235 Of ._uﬁmmvmunpmym eyl SNOLAGO SL 1L ["f Pumd wody jey3 saajueaenb | dm (b)y « (w)y eyl 39ey ay3 pue saaqunu abae| jo
UDLIUNY UOLINGLAISLP |BILULAWA 2yF S3J0UBP A.yzm adaym | dm Mme] Buoays ayy ‘sproy (L") pue W < (b)y 2ouLs jeyy pajou ag pLnoys 3|
auo 031 sabJaauod F-*ﬁcqwcm-ncmu=Mwﬁchvu-ncmuuv ‘sproy (g°y) 4t uayy . *L = (u)p 33 *SUOLIBA4ISGO | + (U)d ueyy Jamay supejuod [(w)y‘u] 31
“suo13eA4asqo | + (u)a suteuos [Ug<Yy] pue u yoes oy Yg > Yy 3ey3 yons ) Sy 5 (s 5w f(U)a-3e oty = € S o (WU,

S3]QPlJdPA WOPUBA 1O S3Judnbas aq cenclgelg m.....m<._< 387 |t ewwa 19| “SUOLIPAARSQO | 4+ (U)4 ISEAL 3P SULRIUOD



Bup|dwes jo 3502 3yl uaym pasn A|pesauab ade (sa|na furddels paziwopuea
YILM S107PWLGSD [eLIuUanbas Sse [{3M Se) S407ewl}sd abeis-13ny
' (uayeg
ade sazis |enbaun Jo ‘|enbd jo sa|dues judpuadapui oml 3sea| je 1Byl
powWNSse SL 31 S403ewl}sd 2a6es-13{NW JO UOLILULISP SLYl UL) SJ0jew(ls?d
30e3IS-13 MU paled Ajuanbady ase s3|na Huiddols paziwopueauou YiLM
sJ407PW1253 |BLIUanbag  tuayel st u 8zLs 1o 2|dwes juspuadapul auo J3je
dols sAes yatym a[na Gurddols paziwopueauoU B YIlM SJOJRWLISI [RLIU3NDIS
PaJ4apLSu0d 3q A[|PILUYI3] UBD JIL|JRI 0] PRAIBSIL S43YI0 pue (/96]) ~3jua)
“(G961) 42puRUILY JO SJO}EWLISA YL *(uayr] udaq aAey $AZLS ‘lenbaun uo
‘lenba 4o sapdwes juspuadapul 4O Jaqunu patyLoads e Jajje pajeuluw.al
s{em|® SI DWAYDS UOLIPWLIS3 DY} eyl Jueaw si 31 ANk buiddols paziwopued
-uou e Aq) aina burddols paziwopueauou e Yjim apow ayl jJO J0JRWLISI

Letjuanbas © se jo 3ybnoyy ag ued (n*u)y J0JPwWLISA ABRIS-OMI YL

ssydewaq Buipniouoy g

Su)as{upiy
pue Azuxx JO UOLIPULQUOD XBAUCD B S (D°U)W BOULS SMO||04 waJao3yl ayl
J0 11Nsax ayy ‘W 03 abuaaauod ﬁ5..+_?§x pue Acwux sapdup YosLym o043z

03 sabuaaauod (Ut (U) A+ (]t Jey3 95BD I SL S Ogan aours (1)
Aq anbrun sp (W)4 aduts W + (u)e satldur yarym (W)4 « ((u)e)4 *snul

. (U (W) (U,
::UQvu— = Nﬁcwv_xumlﬁn_.;h+h:wv_xwm

3By} yons

.ﬁcug+ﬁzv¥x > (u)p > ncuxx ‘(u)e B S3IS1X3 843y} ‘wal0dy] Bnlep uesy Ayl Ag

. (U)hy (U (4]
W) Hﬁchxvmuﬁn=ug+ﬁcvxxum

‘aoudy | = h¢mrbmum ey} udas AL1Se3 SL 3L 3IIYM

Yoy Ogam 309 | dmyg + (u)as(uhiy «(uPy Jey} Moys 03 Sujewdd 3]

“{(W)# = ((u)p/(u)a)utr} = ¥s

2q mou uea s auayn | = (Ys)q soriduy worum s
(W4
*ﬁﬁcyxx-acuk+ﬁ=vgxv\Auuﬂzv»Hhch¢ﬁ=vzx.ﬁc_xxua,_mww
mAA=uxx-A=us+ﬁ=_xxv\auuﬁuvwﬁﬁcgg+acvgx.Acyzxuauwmww
((u)p/(u)2)urL

((u)p/(u)2)IEL > (W)s = ((w)a/(u)e)urt

(u,_(u)(w)2)FTT
[CORORIMUOORIT

u _(u)a(u)d
A:F TyraTe uLL((u)a/(u)pluLy

[((u)a(u)a)/(u)p(u)e]uiy
((u)a/(u)p)ueL((u)a/(u)e)ury

((u)p/(u)2)upL/((u)a/(uje)ury

]

Vi

v

vi

Vi

v

v

"

£

se pauLjapad

susu

L

S “snyL

“32ual



*5161-6061 ‘EF ‘3513035 "YIEY

“Uly -apow ayj JO UOLIRWLISA 2y} uo 3jou y “(1261) '3 ‘uewbau [0L]

‘GGhL-9byL “BE

©-3513835 -UIBW CUUY "SPOW Byl 4O uoLjewLIsA uQ  “(/96L) "H'[C ‘433usp [6]

*90/-869 ‘T 'ISL3PI5 CUUY  "3pow 3yy
JO uo13eWL]SA Dlujawededuou ut Aoua3lsisuo)  (GL6L) "ML ‘wsbes

“910L-Z10L *69 *°D0SSY "3513935 43wy ‘[ "3pow ayy butlewtlsd
40} 2Jnp3adodd aAL3RAIIL Uy C(b6L) 0 *4RA4) pue ‘] *u0s3a3q0Y

9/01-G901 ‘€€ ‘°ISI3eds -y3IP -uuy -Ipow pue
uorjouny A3rsuap AjL(lgeqoad e JO uOL3ELILISD UQ  *(2961) '3 “uazdey

_ "BEL-LEL “9E *"I5L303S
TYIeY Cuuy  capow 2yl 4o SITRWLISI JI241p 2wos  “(5961) A “JA8pupuULY

*AILsdaAtun alep  ‘sLsayy
‘0°yd ‘Spow 2y} jo ssojewrysa [duddy (eutddo " (9461) 4°M “App3

"LLL-0LL 82l Y “90S "ISLIEIS yC
Jdajaweded [BI13S1303S pajo2|bau e-apow Ayl - (5961) "L ‘sniuajeg

S USIERET)
“TUleY "3513e3S "ISUL CUUY  "apow Yy jo uollewilsy “(y96L) "H “iioudsy)

A11s42ALUN 9]R}S BMOT  "SLS3YL ‘g ud
‘U0L3PWLIS3 Bpouw FeLARALUN JO s32adsy  *(8/61) ‘N'Y ‘ourtdpuy

SIINIYI4Y

(e]

[£]

(9]

[s]

[¥]

[e]

(2]

[

*adA3 siy3 3Jo aq prnom asenbs-iys 3y se

yons suoringiaisig -apow s} e jyead daeys e 3iqryxa jou saop *(A)y
‘A1Lsusp Yz usym [N4asn aq PLNOM apow 3y} JO SJojewrlsa abeis-ijpnu jeyy
sa4n32alfuod (g9gl) SNiusaleg *SUOLIPABPLSUOD UOLSEDaJd pUR 150D 3sayl 0%

uoLjLppe uy  cuorstdaad poob aaey 03 ade sajew(lsa ayj Jo/pue ubry si



