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SUMMARY

The product 1limit estimate of the survivor function
is derived as the M.L.E. in the discrete nonparametric case
with random censoring. Its limiting distribution is shown
to be normal. The M,L.E. of the survivor function is found
when the survival variables are assumed to have a geometric
distribiiion. Efficiencies of these two estimators are
presented in tables when the censoring variables are assumed
to be geometric and when the censoring variables are assumed
to have a uniform distribution. The product limit estimate
is shown to have poor relative performance.

1. INTRODUCTION

We are interested in estimating Pr(Si>t) where Si
is the length of survival of the ith person as measured from
some starting point such as the beginning of treatment. If
this person is lost to follow up or is still alive when the
study ends, the random variable Wi independent of Si is
observed rather than Si’ where Wi is the length of time

the 4 B8

person is known to be alive as measured from the
starting point. In medical studies, Si's and Wi's are
usually thought of as being measured in such discrete time

units as days, weeks, or months, while the actual observations

E
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are often made on a finer scale. In such cases the
convention will be adopted of rounding fractional values of
S; up, fractional values of W, down, and of throwing out
observations for which [Wi] = 0., As a consequence Si

and Wi are never 0., More importantly, when Si and Wi are
continuous this convention means that the product limit

estimate derived in section 2 is a reduced sample estimate

and has the essential property of being unbiased.

2. DERIVATION OF THE PRODUCT LIMIT ESTIMATE IN THE DISCRETE CASE

Kaplan and Meier [1958] have indicated that the product
limit estimate is the M.L.E. for the nonparametric case.
If we restrict our attention to discrete distributions the
result can be derived as follows. Let Pr(Si>k|Si>k-1) = Py

and Pr(Wi>k|Wi>k-1) ™ Ly Adopting the convention that

0 k-1
m () =1 we can write Pr(S.=k) = (1-p,) ™ p. and
. i k™. %]
ji=1 j=1
k-1
Pr(wi=k) = (1—rk) m rj' Now for convenience, consider the
j=4

new random variables Xi = mln(Si,Wi) and Ai =1 if Sigwi

and 0 otherwise. Then

k-1
Pr(Xi=k,Ai=1) = Pr(Si=k,Wi>k-1) = (l-pk)jzlpjrj (1)
and
k-1
Pr(Xi=k,Ai=O) = Pr(Si>k,Wi=k) = pk(l—rk)jzlpjrj. (2)



The joint density for a sample of size N is

N N 1-5, 5, Fyit
T Pr(Xy=x;,8,=8;) = 7 {[p, (1-7, )] (I-py J (7 pyry)}
T=1 i=1 i i i =0
(3)

From this it follows that the M.L.E. for pj is ﬁj =
[(#X.>j+1) + (#X.=j when A.=0)]/(#X.>j) provided (#X.>j)

i i i s s i=
is not equal to 0. Then Pr(Si>t) = 7 pj and this is the

j=1

usual product 1limit estimate.

3, THE ASYMPTOTIC DISTRIBUTION OF THE PRODUCT
LIMIT ESTIMATE ﬁr(si>t)

Following Breslow and Crowley [1974], 1let

di = # deaths at time i=1,...,t
W, = # withdrawals at time i=1,...,t-1
w, = # withdrawn at t or observed longer
a, = probability of death at time i=1,...,t
Bi = probi?ility of withdrawal at time i=1,...,t-1
R = & = ) @ R -~ m
i=1

Then v = (dl,wl,...,dt,wt) has the multinomial distribution

1
syt "y
MN[N,I'—(ul,Bl,...,ut,Bt)] and N (Y NI) ,N(Q,Zl) where Zl

is a singular covariance matrix equal to D(y)-yy' with D(y)
being a diagonal matrix that has y on the diagonal. As

~

an intermediate step to finding the limiting distribution

of ﬁr(Si>t) it is informative to find the distribution of
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[(aly---,at)‘(qu---,qt)] where dj/-z-(di+wi) =

1.=7)

t
d./n. and where g. = a./ L J* B
3715 gre 4 g/ B (og+8:)

a./n.. One way to find
i= i

this is te first transform (dl,w ..dt,wt) to (dl,nl,...dt,nt)

1’
within the transformation g = [gl,gf,...,gt,gt] where

a. is a unit vector with 1 in the Zj—lth component and a?
has 0's up to the Zj-lth component and 1's from there on.

9

Then N [(dl,nl,...,dt,nt)/N-(al,nl,...,at,nt)]——éN(Q,Zz)

T

where ZZ = AZlAT. The elements 1in Zz can be found from the

following table.

Table 1

Elements for the covariance matrix 22

|
™1
o

[}

Cov(dj,d "0 0y for j#fk

K = % I

= aj(l-aj) for j=k

Cov(dj,nk) = —ajnk for j<k

= aj (1‘T]k) for Jzk

T
= g% * = .
Cov(nj,nk) gj Zlfk n_(1-n.) for m

max (j,k)

=
]

min(j,k)




Since 9y = aj/nj we can use the "§-method" (Rao [1965],
1 |
L 3. 5 A X i
page 332) and find that N [(ql,...,qt)-(ql,...,qt)]——aN(g,BZZB )

h h

where the jt Tow bjT of B is 0 except for nil in the 2j-1t

column and -ajniz in the thh column. Then the covariance of
~ T =3
and q 1is ?j Ez?k = nj

For j<k the covariance matrix needed simplifies to

~

45

-2 T T
T]k (nj,"@j)cov[(dj:nj) ’(dk’nk)](nk’-ak) .
(-aj,l-nj)T (uk,nk). Postmultiplying this covariance
matrix by (nk,-ak)T gives 0, hence by symmetry the covariance

of aj and ak is 0 for jtk. Thus I, = BE Bl is a diagonal

3 2
matrix with jth element a.nfs(n.-a.).
J ] J ]
Finally Pr(Si>t) = 1m (1-q.) so again using the "S§-method"
1 j=1 J
2 A = . .th
N"[Pr(S;>t)-Pr(S;>t) ]=>N(0,c'Izc) where the j = component of

t
d
= ™ (1- = -Pr(S.>t 1-q.). Th
c aa; k=1( qk) ( i )/ ( 93) en

2 t
c = Pr (Si>t) z

c'Z
boalii 521

=5 -3
[aj(nj-aj)nj (1'@j/ﬂj) 1. (&)

In terms of the original notation the asymptotic variance is

t t 3=1
™
J:

2
p. I qj/(pj- :lpkrk)- (5)

17 j=1 k

4, THE EFFICIENCY OF THE PRODUCT LIMIT ESTIMATE WITH RESPECT
TO THE M.L.E. WHEN THE SURVIVAL VARIABLES ARE GEOMETRIC
AND WHEN THE CENSORING VARIABLES ARE EITHER GEOMETRIC

OR UNIFORM

k -

If we assume that Pr(Si=k)=p 1q then substitution in

equation 3 quickly shows that the M.L.E. for p is ﬁ* =



(ZXi-ZAi)/ZXi. The usual maximum likelihood result is that
1 _
Nz(ﬁ*-p)égéN(O,l/i(p)) where in our case the information

i(p) = E(Xi-Ai)/p2+E(Ai)/q2. Since ﬁ*t estimates Pr(Si>t)

we once more apply the "§-method" and find that

1
N2 (o tpt) Bunco,t2p2t 21 (p)).

If we also assume that Pr(W;=k) = rk_l(l-r) it follows

that Xi has a geometric distribution with parameter rp and
that Ai has a Bernoulli distribution with parameter q/(1-rp).
By using the corresponding expectations to find i(p) and by
letting pj = p and rj = r in equation 5 we find that under
the above assumptions the efficiency of the product limit

estimate relative to the M.L.E. is

e = t2(1-rp) 2/{rpl (rp) " t-173. (6)

Table 2 shows the efficiency for selected values of rp and
ts

A more realistic assumption is that the censoring
distribution is uniform on [1,2,...,T] where T is the length
of the study. Then with a little algebra we find E(Xi) =
[T-(T+1)p+pT+1]/[T(l-p)2] = E(Ai)/q. Using this to find
the asymptotic variance of ﬁ*t and letting pj = p and
r; = (T-j)/(T-j+1) for j=1,..,T in equation 5, we find
that the efficiency becomes
t-1 1

T*l][_zlp'j(T—j+1)‘ 13 . (D)
j=

e = t2(1-p)/{p[T- (T+1)p+p

Tables 3-5 give efficiencies for different values of p and t

for a given fixed T.
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5. CONCLUSION

When it is reasonable to assume that the survival
variables have a geometric distribution there may be a
great advantage in doing so. The above tables show the
poor performance of the product 1limit estimate when the
censoring variables are either geometric or uniform. One
suspects that the results would be similar for other censoring
distributions and begins to wonder how well the product
limit estimate would perform if different assumptions were
made for the survival variables. Intuitively it would seem
that the product limit estimate would perform poorly in the
tails because relatively few observations are used to estimate
pj's for large j and hence the variance component is large.
Thus while efficiencies need to be computed for other cases,
and while the above results need to be checked in small
samples, they are sufficient to indicate that the blind use
of product 1limit estimate may be throwing away all too

precious information.
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