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ON TESTING EQUALITY OF MEANS OF TWO NORMAL POPULATIONS WITH UNEQUAL VARIANCES

by
Austin F. S. Lee and John Gurland
Boston University University of Wisconsin
SUMMARY

A feasible method is developed for obtaining the size and power
of a wide class of tests which includes solutions to the Behrens-Fisher
problem proposed by various authors. A new test in this class is also
developed which controls the size effectively and has high power. A com-
parison is made with other known tests as regards control of size. The

power of the proposed test as well as that of Welch-Aspin is also obtained.

1. Introduction

Suppose X110 X120 00 Xy and Xo1s Xops wees Xoo  are the

1 2
observed values of two random samples independently drawn from the normal
populations H(u], U%) and N(uz, og), respectively. Llet R = o?/cg,

€= (02/n )/(02/n + og/ n, R/(n +n, R, and for i=1, 2,

) =
n
2 - 5 3 ;
E X < = y (xi--xi) , 5 = n;-1. It is desired to test the
N j=1 ij= J

null hypothe51s HO: My T against alternatives My > Mo« Various tests

for this purpose have been developed by Fisher (1935, 1941), Welch (1947),
Aspin (1948), Cochran and Cox (1950), Wald (1955). The critical regions

corresponding to these tests have the following general form:

v > V(C) (1)



where v = (21-22)/J/s$/n] + sgln2 § E = (s%/n1)/(s$/n1 + sg/nz),

and V(c) = h(C; Nys Nos o) is a function of C, nys N, and the preassigned
nominal significance level o. Recently, Pagurova (1968) has also developed

a test of form (1) but with C replaced by

~ ~

C=C- 25(1-(:)(]—;-2- - E—T) .

For all of these tests, the computation of the exact size and power
is quite involved due to the difficulty of evaluating certain integrals.
Simulation studies have been conducted by Bennett and Hsu (1961), and Murphy
(1967) to compare the size and power of some of the tests mentioned above. At
best these provide only an indication of comparative behaviour, and leave
much to be desired.

The purpose of the present paper is three fold. First, a test of
form (1) is presented in which the function V has a comparatively simple form,
the size of the test is extremely close to the nominal significance level,
and at the same time the power is high. Second, the size of this proposed
test is compared with that of others appearing in the literature. Third, the
power of this test is obtained and compared with that of the Welch-Aspin test.
For computing the size and power, a technique is presented here which yields
a high degree of accuracy and is applicable to any test of form (1).

As pointed out by Scheffé (1970, footnote 4, p. 1504), there is a
great need to verify the stability of the size of the test developed by
Welch-Aspin. Due to the extreme mathematical complexity required for such
verification, there does not appear to be any work in the literature except
by Welch (1949) for the case Ny =n, = 7 and o = .05. More recently,

Wang (1971) has provided an approximate verification for a few other cases.



As for the power, to our knowledge, no exact values have appeared anywhere
in the Titerature. We believe the present article fills this gap and also

verifies that the Welch-Aspin test behaves remarkably well.

2. Size and power for tests of form (1)

2.1 Notation

If the value of the parameter C = n2R/(n] + n2R) were known, one

could use a critical region
v > h(C; Nys Ny, a) (2)

for testing HO: L T at level a. Define the non-centrality parameter

§ = (u] - uz)/vfﬁfln] + cg/nz and write V(C) = h(C; Nys Ny a). We can

now write the power of the test given by (2) as
QV(C)(S’C) = Plv > V(C)lG,C].

In particular, QV(C)(O’C) is the size of the test.
In reality, however, the value of C 1is unknown, and we naturally
resort to a critical region v > V(C) of form (1). For such a region we

denote the power by

Qy(ey (65) = PLv > V(C)[8,C]

corresponding to the specific values of § and C. In particular, the
size of the test in (1) can be expressed as QV(E)(O,C) corresponding to a

specific value of C.



2.2 An expression for the power of the test v > V(C)

The power of this test can be written as

Qy(ey(85) = PLv > V(C)[8,C]

A s%/n1 + sg/n2
Pl Z > V(C) 5 5 6L
9/nq * 9y/ny

where 17 = (EI - 22)/¢[§$/n] + Ug/“g is a normal random variable with mean

§ and variance 1, and independent of s%, sg. Thus

7 5
& s /ny + s5/n
Qy(y(6-0) = 1 - Eo v(c)/% ! g 2 _
ay/ny * ga/ng

where & 1is the distribution function of a standarized normal random variable.
By utilizing the fact that fisilog, i=1,2, are XZ random variables with

fi degrees of freedom, it follows that

2
© o VH(x,y)-8 1 -5
Queey(8,C) =1 - [ [ alx,y) f ——e ° dtdxdy, (3)
v(c) 00 e VG
vwhere
o
g(x,y) = __?_l__F__ gjf y & e* Y, x>0,y>0,
1 Vi
I'(“Z‘)P(—z)
A -
V*(x,y) = V{C(x,y)} /%;-:-X + g%—cly i
2
and
A
C(x,y) = 'F]
1+ 1=Cy
f2 C x

This result was obtained by Golhar (1964).



2.3 Evaluation of the integral in (3)

The third integral in the right-hand side of (3) involves evaluation

of the standard normal distribution function
t2
r 238 Ml 3
o(z) = [ —e dt.
- /2T

t2/2

By expanding e~ in a power series and integrating term by term, we

obtain the following series expansion for &(z), valid for all finite z:

where

ol R
Skl (2k+1)2K

Convergence of the series in (4) can be accelerated by repeated application
of a transformation described as follows.
Let S = ay + 3 + a, * ... be an infinite series and

S = ap tapt ... ta, its partial sum. Define

n
2
T ., = *n+1°n-1 " 5 n=1, 2
n+1 Sn+1 + Sn-1 - 25n

The original series of partial sums {Sn}n:0 is thereby transformed into a
new series {Tn}n:1' This transformation will be designated here as the
T-transform. Lubkin (1952), Shanks (1955) and others have utilized this

type of transformation to obtain series which converge to the same lTimit

as the original series and do so faster. The T-transform can also be applied
iteratively in attempting to further improve the rate of convergence. Thus,

the (j+1)st iterate can be expressed as



(3) ) _ 3P
p3#) o TnEI'T I @)
n+] Tg{% + TH1 - 27

s 21l 2%, aas b

=
il

j:o,],z, PR,

where

n
O ]+ i 2k+1

T£J) the jth order transform,
4 R

gt L e

To approximate ®(z) with a specified degree of accuracy, it is

natural to take

M
o(z) = )+ ) c 22k+], =2 C2RZ (5)
2 ki, 6 0 0

=0

with z, and M sufficiently large and with M to be reduced in the

iterating process.

Now let us return to the integral in (3). By Tetting u = x+y,



X

W= ¥y and integrating out wu, it can be seen that
M 2k+1 . ;
Quepy(8:C) 2 5= F ¢ I by.(-8) ELvx(w)1Y , (6)
v(c) 2 iip K %0 kj
where
1_‘('f".l+‘f"2+‘])
b, . = (2K 2 k=o0, My §=o0, 2k+]
kj j —__?Ti?g—" ) ) 3 sesy ] EY 3 esey ]
r(-55)

V() = v(Cw))Y 2w + Z0CL (1) |
(w) = V(C(w)) f]»~+J?;~( w)

E(w) =

and W is a random variable which follows a Beta-distribution with parameters
f]/2 and f2/2.

An alternative method of computing QV(E)(G,C) is obtainable from
(6) by interchanging the order of summation and of integration involved

in the expectation. This yields
' f2
o 1 — -1 _2"1 M%w) 2k+1
QV(C)(G’C) = 2 = > £W (]‘W) Lo CkJZ
Brgr

——

bkj(-6)2k+]'j[v*(w)]jdw . (7)

e

0

Thus, only one numerical evaluation of integration is needed, making this
method more attractive. The integer M(w) can be determined according to

the current value of w in the process of numerical integration. For example,
to compute QV(E)(ﬁ,C) with error less than 10'5, and for (n1, Ny, a) =

(9, 9, .05), repeated use of the T-transform reduced values of M(w) from 11

to 6. For (n1, Ny s a) = (5, 9, .05), values of M(w) were reduced from

30 to 7.



As a check on the validity of (7), the size of the critical region
for various combinations of sample sizes Nys My satisfying 3 < ns N, < 7
and o = .05 were computed and then compared with corresponding
values obtained by Mehta and Srinivasan (1970) who used a different method
involving a rational approximation of &(z) appearing in Abramowitz and
Stegun (1965), and numerical integration of the double integral in (3) based
on Simpson's rule.

The values listed by Mehta and Srinivasan, all given to four decimal
places, agree exactly with the corresponding values obtained from (7). Moreover,
to check the accuracy of our values given to five decimal places, we evaluated
the double integral in (3) for various values of V(E) and & by the method of
Gaussian quadrature and found that the differences in the values thus obtained
did not exceed 107,

As an additional check on the accuracy of (7), we considered V(E) =

constant and Nys Ny both odd, because for this case the size can be expressed

in closed form as a finite series (McCullough, Gurland and Rosenberg (1960),

Gurland (1962)). 1In all instances, the values of size obtained by

both methods coincided up to the 6th decimal place.

3. A proposed test

Our purpose here is to find a function V(E) = h(E; Nys Nos a) so that
Pl 2 WE) [0C] Ba, OxCxl. (8)

It is generally believed that there exists no smooth and simple function V

such that (8) holds exactly (cf. Wilks (1940), Bartlett (1956), Wallace (1958),



Linnik (1964, 1966)). MNevertheless, it is of some practical as well as
theoretical interest to seek an approximate solution VO(E), say, for which
(8) holds with only negligible error. In attempting to develop a solution
which is practicable, the search here has been concentrated upon functions
which are comparatively simple in form. The power of the resulting tests

has also been considered.

-~

3.1 Criteria in seeking a critical point V(C)

A
Since the different forms of V(C) considered in our study depend
on sets of constants, we find it convenient for our purpose to indicate their

presence through the use of the symbol V(C; a), whatever be the form of V(E).

Thus, equation (8) will now be written as
QV(E)(O’C) = P[V > V(C; Q)'O,C] =0

where V(C) = V(C; a) and js the vector of constants involved in the

1w

function V.
We shall seek a function V of E satisfying the following criteria.
(1) The function V should have a comparatively simple form so that,

in practice, the necessary calculation of critical points may be carried out easily.
(2) The size of the test with critical region v > V(E) should be

well controlled in the whole interval 0 < C < 1.

(3) The power of the test should be reasonably high.



10

To perform the above non-linear minimization problem, a subroutine
available on UNIVAC 1108 at the University of Wisconsin Computing Center was
used. This subroutine applies the Marquardt algorithm, a summary of which
appedrs in Box and Jenkins (1970, p. 504). At each step of the minimizing
process, the size Qv(e; g)(O,C) corresponding to the current values of a

was calculated by using (7) and the T-transform introduced above.

3.2 Proposed critical point VO(C)

After extensive trials and comparisons involving several

~

functional forms of V(C; a) it was found that the ratio of two
polynomials

~ /\2
a] + a2C + a3C

V(C; a) = (9)

~

o 2
i+ 34C + aSC

provides the most satisfactory result. In attempting to satisfy criterion

(2), the values of the a%s were chosen so that the error sum of squares

i ;
,ZI[QV(E; 2)(0:C5) - o] (10)
J:

was minimized, subject to the conditions
QV(E; a)(o:o) = a3 QV(E; a)(oa-[) = a.
The imposition of these conditions is equivalent to setting

V(0; a) = WTs 8) = b Ly (1)

tfz;a 13%

where t denotes the ‘upper 1000% probability point of the t-distribution

fia

with f degrees of freedom. The quantities C,, j =1, ..., m in (10) are m

J
prespecified points of C in the interval 0 < C < 1. e designate by



11

VO(C) the solution (9) with the values of a determined by the optimization

process given by (10) and (11).

~

By way of illustration, the values of the a{s in VO(C) for
Wy % My @ 9 and o = .05, .025, .01, .005 are shown in Table'1. The size
at Tlog R=0, 1, 2, 3, 4, is also shown. For the values of o and 1log R
appearing in the table, the actual size lies between o #* .0001.

As an example for the case of unequal sample sizes, VO(E) for
(n], Nos a) = (5, 9, .05) is considered in Table 2. In addition to the size
of the corresponding test, the power at 6 =1, 2, 3, 4 1is listed for
log R = -=, =4 (1) 4, and «. For finite values of log R, the power was
calculated using (7). For log R = -=(C = 0), VO(E) = tfz;u with probability
1 and the distribution of v is
that of tfz(a), a non-central t-variate with f, degrees of freedom and
non-centrality parameter 6. Hence the power at 1log R = -» 1is equal to
P[tfz(ﬁ) > te ;a]‘ Similarly, the power at Tog R = «(C = 1) is equal to
P[tf1(6) > tf];a].

The size listed in Table 2 lies between .05 * .0003. In appraising

the power of the test using VO(C), a comparison is given in Table 2 with that

of the optimal test when R 1is known, namely,

e
where = -
Xig = X
R 7 1 7 -
//%]s] + fo55R (lm.+.;Lﬂ)
f] + f2 n an

The test based on Up> when R 1is known, is optimal in the sense that it is

uniformly most powerful unbiased for testing My = Wy against alternatives
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Hp > Ho. Its power is listed in the last column of Table 2. For convenience
in making comparisons, the following ratio is included among the entries of

the table:
Power of VO(C) test
Power of Up test with R known °

From these ratios, which are indicated as percentage values in the table,
we can see that the power of the VO(E) test is for the most part more than
90% of that of the up test, even though for the former no information about
R 1is assumed. For further comparison, the power of the VO(E) test for
C = f]/(f1 + fz) =1/3 and C=1 1is plotted in Figure 1 along with that of
the up test. For C =1/3, the VO(E) test is virtually as powerful as the
up test. For other values of C, the power of the VO(E) test does not
fall below that for C =1, as is evident from Table 2.

The above results are illustrations for particular sample size
combinations, but a thorough study has also been made of other cases and the

conclusions agree with those above. The solution V(C) = VO(C) obtained

through the optimization procedure described above fulfills the three criteria

stated in Section 3.7.

~

In Table 3. the eanstants a:: 7 = 1, 25 35 45 55 of VO(C) are

o
listed for sample sizes 5 <n; <n, <21 and o= .05. A more complete
table of the constants a, for sample sizes 5 < ny <n, < 31 o U0
appears in Lee (1972).

| Tﬁé_extent of deviation of the actual size from the nominal
significance level o = .05 that results in using the critical region
v > VO(E) may be summarized as shown in Figure 2. For example, for ny =5
and 5 <n, <9, the actual size Ties between .05 £ .0003. For n; =6,
n, = 8, 9, it lies between .05 + .0002 and .05 - .0001. For 10 < ny <n, <31,
the size is .0500. In fact, if the values are rounded off to the fifth

decimal place, then for n,, n, > 20, the actual size = .05000.
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Fig. 1

Comparison of Power of the Vo(ﬁ) Test
‘ and. the uH-Tth

1y=5, np=9, a=.05

-390 . F

Power of the

Power

.00 s b era b b b b oo i Lo

.00 .00 1.00 1.50 2.00 2.50 3.00 3.50 4.00
o
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Table 3" Constants in V_(T ; a) 16
for 53115112::’-_21 and A=.05
w5 ) 7 8 9 10 11 12 13

2Ny ,131¢
-5, 1]
5 6.4u441
-2.,790L9
2.7949

2.0150 2.0150
-5,4628-5,1822

6 5.,2231 5,1822
-2 4B31~2,3L87
2.3148 2,3487

1.9632 L.9452 1.9432
~h,R32]1-, 50384 ,3104

T b.h825 h,3525 h,3100
w2 L B9U=7 . 1036=2 08898

2.0169 1,0928 2,.0099
1.8946 1.8946 1,8346 1,89LG
-4, LE0N=-L,0611-3,8216-3,6155
8 14,0271 3.8258 3.7118 3.6185
-2,1563-1,9440-1,8213-1,7141
1.8%20 1.7675 1.7597 31,7151
1.8595 1.8595 1.8595 1.8595 1,8593
-4, Q550~3, 7666-3,5339~3,3059-3,1392
9 3.6417 3.4733 3.3492 3.2242 3,1392
~1,9922-1,8L2k-1,7203-1,5982-1,5096
1.6704 1.6197 1,5822 1.5367 1,5096
1.2331 1.8331 1,9331 1,331 1,°331 1,8331
-3,7928-3.5882-3,3014=3,09%6=2,°2097=2, 75(G
10 3.3837 3.2191 3.0746 2.9560 2,°290 2, 7566
-1.£859-1,7913-1,6342-1,5219-1 10F=1, 2385
1.5585 1,5179 1.4608 1,5169 1,3637 1.3386
1008 71,8108 1,8108 19328 1,¥196 1,8198 18195
~3.6257-3,3317-3,1124=2,0100=2,7334=2_ F512-2, 11 RG
1L 3,2000 3.0044 2,°599 2,7349 2.6286 2.5163 2,L09G
-1.2%71-1,6014-1,5620-1,4516-1,3546-1,2593-1,1977
1. 0881 1.4170 2,608 1.315¢ 1,2729 1,%2358 1,10977
1.7959 1.7959 1,7989 1.7959 1,7950 1,79F9 1,7959 1,7059
~%.04,335-3,1682-2,0401-2,7677-2,6002-2 ,4375=2,3020-2 7131
12 3.0376 2,°300 2,6826 2,R6h5 2,4625 2,355% 2,2621 2,2131
-1.7572-1.6160-1,4971-1,30°80=1,30E2=1, 21451 ,7391-1,0701
1.4130 1.3394 1,2242 1,7386 1,1969 1,7149% 1,1079 1,0900

1.7823 1.78235 1.7823 1.782% 11,7823 1,.78323 1L.7P23 1.7823 1,785
-3.36402=-3,042N0=2,°L437=2,72G0=2,01829-2, %3562 ,1060-2,002%-2,01Q7

13 2,.%4p9 2.6993 2.556%7 2.4796 2,3265 2,2752 22,7281 2.0hE0% 2.0103
-1.7409=1,5679-2.06004-3,%9835=-1,263%32-1,1773%3=1,0024=1,040"7=-0,00FN
1:5823 1.2824 71,2299 1.2088 1,138k 1,089% L. .04 1,.0155 0,9950

# Five numbers in each (nl,no)wcell_are consecutively al,ag,aB,au and 85.
[ o8 [
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L7459 1.7059 11,7459 1 1. 759 1. L7550 1,7459 1,7453 1,7459 T80 17459

#9372=2,0833-2,4070~-2 2 L ra b=, .9226~1.96080=-1, 7581 =1, G400=-1 SA75-1 6 TR

.5367 2.50h85 2.13%57 2 Tabaat X, - PR LoRani 1 GERRA- L 1 LLPr87 1.L683

.F637-1.4258~1,.%227-1 1.1436=1, L9672 N261=0, 29010, PUI L= A o90=0.7570

#2229 11,1281 1.0G661 1 0.9653 N. . PRS00 68% O, 0242 0, L7541 0.7370

<7306 17396 1;7396 1.7396 1.7396 11,7396 1.7396 1.7290 1.7306 157386 1.,75086 I, 96
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J2030 1.105% 1,.9369 0.9851 0.9316 0.P957 0, 9523 D.RIBN O, TOT7 N 7783 NLFEIYT 0. 62

s 1.754%1 1.7341 1. 7501 31,7343 31,7301 1,.73463 % ,7503 1, 7387 1.754LL T.|7ELY 1, 1. 7541 1.7 7341

. 2.5934-2.37P4~2,2161=2.60558-1 9383<1 02hE-] 7251-1.6416=1,5774=2 ,6966~1, 1.3747-1, 2889

’ 2.2561 2,080% 1.9519 1.8351 21,7516 1.668% 1.7990 L,BL27 T.09P5 1. .BL395 1. 1. %50% L. 23820

. 1.3050-1,2738=-2,7221-2.,0902-1.0230-0,9577~-0.,9005~N; P652h~N 0] B6-0[7GRT~1, nD.6985-0. GL91

. 1.7883 1.n129 N, 9579 0,9041 N,.°671 N,°29% N, 7059 A _ 7690 n, 7503 00,7210 0, r. 80 1
1.7291 1. 1 y¥eF 1.7090 A,ragd 1 9090 4. 7097 1.7499 2 7ol 1.7281 1. 11,7297
2.52 2. 2 AL 3=1 910 7=1., 7461=-1,.7036=1 ,6200=1.F598=1 HPA2=1 UARE=] 5-1.2560
2.240 2. b TENTE L, TEET oGS0 LGB 1, FORE G 10080 .58 A, 1 21,2560
1,26 Ls 1 PEEl= 10205 =090 25 =0 0000 =N, PT6-D; N7686~-0.7254-0. 2-0,0637h
1.16 12 0 D.N525 0LEORT 0,.7793 N,.7510 & 0.[7078 N 5772 0, 3300 0,6374

L2487 LLF2LT L 72 g ks 7 T20T LG TERT L FINT LLT2NT LLT2bhT L. 7247 1,7247

. 85-2.4757-2 1.2 0977=1.1 7 wmqnlu.mmqulu.nodus@.nmnglm.::wmlu. 2329-1,2193~

5164 2,1623 1 #5 7605 16579 1.F7R?6 1.F1P5 1.LSRE 1.424P 1.R6F6 1. 2070 1,2108

.b690-1.3423-1 14 N719-0.7999~-0,9333~-0,8%11=0 mJuq n.go22-0.7546-0. 6295-0.6215~

L1510 1,027 0 91 719 0.°290 0.78&83 0,.7588% n,7302 o.JHmm n.6867 0 091 0.E6144
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_ Figure 2 .
" Error Limits of the Actusl Size of the Vo (C) Test®
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4. Comparison of various solutions to the Behrens-Fisher problem

In the preceeding section we have obtained a critical region v > VO(C)
such that Vo has a rather simple form, the size of the test is well controlled

and the power is, for the most part, only slightly less than that of the optimal

test based on up when R is known. It is of interest to compare critical
points, size and power of the VO(E) test with that of other tests which have
appeared in the literature on the Behrens-Fisher problem. Tests considered
for this comparison here are the following

1) McCullough-Banerjee. Banerjee (1960, 1961) suggested a critical region

2 ~ 2 o e
v > tf];a g = tfz;u(]-c) . (12)

The size of this test, as shown by Banerjee (1960), is never larger than the
nominal significance level, and is more conservative than that of Cochran

and Cox. Indeed, we shall see that Banerjee's test is only "slightly" more
conservative than that of Cochran and Cox. McCullough, Gurland and Rosenberg
(1960) derived a test which employs a 'bilateral statistic' with the critical

point unity. That is, H. 1is rejected when

0

2 AR )

i R
J s Wi L)

The rationale leading to this solution is that the size of the test is equal

i (13)

to the preassigned significance level at C =0 and 1. It can easily be

seen that this test is equivalent to Banerjee's; for from (13),

2 2

S i T
Xy = Xo > t; . —+to . =
1 2 /f] s Ny fpsa n,

Dividing both sides by /s%/n.I % sgln2 yields (12). The critical point due

to McCullough-Banerjee will be denoted as Vmb(C).
2) Cochran and Cox. Cochran and Cox (1950) suggested a solution to the
problem by using the v-statistic with critical value as a weighted mean of

: : 2 2 - 2 2
tf];a and tf25“ with weights s]/n1 and 52/n2 divided by s]/n] + s]/nz.

~
Fav ranvanianca hava wo Aacianata thie wandam Awni+icral ualiua ae \Y £
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It is given by
2 2
tf L—+t, . =
~ _ -I ,C‘l. TI.-I f2 ,U. l'l2 _ E 4 ] ~ (]4)
Vcc(c) 2 2 - tf1;u tfz;a( -C).

The main advantage of this solution is its simplicity. Perhaps this is the

reason that makes it one of the most widely used tests in practice, even

though the size of the test may differ substantially from the nominal significance
level, as shown by Cochran (1964). For the most part, the size of this

test errs on the conservative side.

3) Fisher. Fisher (1935) applied fiducial probability to obtain as the
distribution of the v-statistic a weighted difference of two independent
t-variables. Fisher (1941) showed that this test can be regarded as being

based on v > Vf(E) where Vf(E) can be represented by an asymptotic series,

the first few terms of which are as follows.

() = EE P12 [r'f “%’] +e0-0-+ 1
g 1
Lameelese? [ e (-0 agPaet | (- o tti=y?
56 i T2 . 2
R 1 2
~ ~ 3 ~
+ 2(45 ])c (] C)Z(] 2) 4 2 C(]-g) § C (TQC)
LA f o

5 3£ [6(1_6)3 + E3(]~E)] 47 48€ +9£ C (1 C) (15)
l 16f 1i2

where ¢ = Ey 0 the upper a-point of the standard normal distribution

(i.e., the probability of exceeding £y s o).

4) Welch (approximate t solution), Welch (1947) approximated v by means
of a Student t with a random number of degrees of freedom. This is often

referred to as the "approximate degrees of freedom" or "approximate t" solution.
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According to this method, the v-statistic 1is used with a critical value
read from the Student t-table and with degrees of freedom approximated by f
(Welch (1949)), where

1/f = C/F, + (1-0)°/f,-
This is, H0 is rejected for

v > t;;a .
Scheffe (1970) considers this the most practical solution to the Behrens-
Fisher problem.
The following explicit expression for t;;a = Wt(E), say, can be obtained

from the series expansion of a Student-t deviate (Fisher 1941; Abramowitz

and Stegun 1965):

= 1422 3+16£%567 | -15+17£2+196%+3£6 | -945-1920£2+14826%+776£0+798
th(c) =E{] + —=+ %7 + ~3 + 0 (16)
af 96F 384f 92160F

5) Wald (in case of equal sample sizes) and Pagurova. - For the case of
equal sample sizes, Wald (1955) obtained a solution which uses the v-statistic

with a critical point given by

where

This solution is tantamount to imposing the restrictions that de(c) = q

at three points C = 0, % and 1. Pagurova (1968) extended his result to
the case of unequal sample sizes to obtain as random critical point Vp(C)

for the v-statistic:

- e R
" (6-C)=(1-C)
Vp(0) tfz;a S

[8(1-0) + (20-1)(C-6)1c(1-C) , ,  (8-0)%C

t & PR
6°(1-9) f130 (1.9)2

fi+f,s0 (18)
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where

-~ ~ ”~ - 1"'C C

C=2C-20(1-C)(=g= - &)

f,  f
and
i
6 =
R+t

Pagurova arrived at this solution by imposing the restrictions that Vp(C) = q
at C =0, f]/(f1+f2), 1, and Vé(C) =0 at C= f]/(f]+f2). She also
investigated the possible maximal deviation of the actual size of the test from
the nominal significance level.

6) Welch and Aspin. Welch (1947) obtained an asymptotic solution V(E) = VW(E),

% i=1, 2, by directly solving the equation (8).

Aspin (1948) extended it to terms of order f;4. The latter is usually called

say, up to terms of order f;

the Welch-Aspin test and we shall denote its critical point by Vwa(C).

Let
) = Q__-I- (1—C) .
ru - U U
1 2
Then
V,(C) = €01 + ¥y + W} (19)
and
S— [
VealC) = EQT + vy + Yy + Vo 4+ v} (20)
where
2
- BE .
V9 = Voy3
V. = _-1+g2 Vo + 3+5§2+g4 Voo - 15+32§2+954 V2 .
2 2 22 3 32 32 21°
2. .4 2 4 b
_ 2 2..4 15+32E°+98 " 75+173E"+638 "+5¢
Vg = (HE7)Vp5 = 2(345EME a3 + === ViV + ; Va3

V.. 4 94543169e711811 2438 3
32Y21 384 21

_ 105+208£%+1405 41660
T2



23

-
n

2 4 2 4
s 28(3+55°+E ") 15+325°49¢ 1.2
=2(14E5)V,, + 3 Vag = =g (Vp3Vpy+ 5V35)

_ 3(zsv173et463e e5e0) |, 105420871408 +15E0 1
2 44 2 3

v

32 * Y21'33)
1543365116 0 |, 736+21706741126 +168E047€8 |
7 44 ;

+

54

_ 9A5+3169E7+1811E" 42438 | 2 %  945+3354¢742166E +4252042565 2
5 2221 T8 32

_ 4725+16586°+10514E +1974£°+1056° | |
K, 2143

10395+42429£%+319387+7335£0 44958 -
9% 3221

+

_ 135135+626144°+542026% ' +145320°+11583¢° 4
6184 21

Trickett and Welch (1954) computed the size of the Welch-Aspin test

by means of the following integral:

.I ~
QV(E)(O’C) = £ Tf1+f2{: i+, y/ %;'W + l%g(l-w) v(c(w)) % p(w) dw (21)

where T +F (x) 1is the upper tail of the Student-t integral with f1+f,
12

degrees of freedom and p(w) 1is the probability density function of a Beta

variate with parameters fy/2 and f,/2. Pagurova (1968) and Wang (1971)

have obtained the same expression for QV(E)(O’C)'

For o = .05, Trickett and Welch (1954, p. 373) concluded (using

our notation) "... direct calculation shows that the values of P[v < Vwa(C)lo,C]

In Aspin (1948), this term appears with V42V§], but after checking the

expansion, we find it should be corrected to read V22V§1 as above.
Perhaps it is a misprint in the article, but we have been unable to locate
any other source for the expression Vwa(C),
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obtained at f] = f2 = 6 by using the two-decimal Vwa(E), never differ from
0.9500 by more than two units in the fourth place, whatever C." That is,
the actual size of the Welch-Aspin test lies between .0498 and .0502 for

Ny =N, = 7. Welch (1949, p. 294) has given values at C = .1, .2, .3, .4
and .5 to the fourth decimal point and, according to Welch, "... the last
decimal place given ... cannot ... be fully guaranteed". These values are
listed here in Table 5. By fitting Vwa(E) with a fourth-degree polynomial
based on 11 critical values available in Aspin's tables (1948), Wang (1971,
Table 3) computed the size of the Welch-Aspin test with "... maximum total
error in the computation ... about ... .0002 ...". (Wang 1971, p. 606).
By using (7), we have computed the actual size of the Welch-Aspin test and
the values given below in Table 4 are correct to five decimal places. For

comparison, the values obtained by Wang are also included in the table.

Table 4
Size of the Welch-Aspin Test
By = Mg = 7, a= .05

Computed by
: Welch (1949) | Wang (1971) | Formula (7)
.1 .0501 .0494 .05003
.2 .0500 .0495 .05010
wd .0500 .0493 .05006
A4 .0498 .0492 .04998
< .0498 .0491 .04994

From these results, we can see that the values obtained by using (7) support
Welch's conclusion mentioned above. Wang's values, on the other hand, show
some discrepancy with this conclusion, perhaps due to the inadequacy of the

fourth degree polynomial in the calculation.
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He now turn to a comparison of size and power of the various

tests mentioned above.

4,1 Comparison of size

The sizes of the various tests are listed in Table 5 for (n], Nos a) =
(5, 9, .05) and certain values of C. Plots are also given in Figure 3.
As micht have been anticipated,
the tests corresponding to Vmb and Vcc are the most conservative, followed
by that corresponding to Vf. The size of the test based on Vp lies mostly
below o = .05, Welch's approximate t test has size .0521 at C = .9
and manifests a wider variation than his series solution VW(E). The size of
the Welch-Aspin test lies between .0500 and .0502, while that based on VO(E)
varies from .0497 to .0503. Although Trickett and Welch (1954) were very
cautious in using Vwa(s) for ny or n, less than 7, Table 5 and Figure 3
show the fine performance of this test in controlling size. Its complexity, howeve:
Timits its use in practice. On the other hand, the test based on VO(E) i
much simpler and behaves virtually as well. In Table 6, where the size for
ng=n,=7 and n; =n, = 5 are given, the VO(E) test exhibits as effective
a control of size as does the Welch-Aspin test for By =g = 7, and slightly

hetter for Ny = iy = 5,

4.2 Comparison of power

It is not meaninaful to compare the power of tests when their sizes
differ noticeably. Among the tests considered here, the size of the Vwa(e)
and Vo(g) tests are verv close and a comparison of their power appears in
Table 7 for o = .05 and (n1, ”2) = (7, 7). To our knowledge, no values of
the exact power of the Welch-Aspin test have appeared anywhere in the literature.

The percentage values in the table represent the ratio:
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Power of the V(C) test
Power of the uR test when R is known

where V = Vo or Vwa' The actual value of the power of the up test is

given in the last row of the table. From this table, one can see that

the power of both Vwa(c) and VO(C) tests is very high and also very

close to each other.
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"
Teble 5
Comparison of Size QV(@)(OSC)
 a= ,05
3 n1=59 212‘29
B r v v v v
~~C‘Q§ : vmb -vcc vf vﬁ$ W P wa o -
001 ¢0499 40499 20501 «0500 #0502 0500 «C500 <0500
=010 049220492 - 40496 «0501 0502 0500 o0G500 0500
050 00464 <0465 00476 0502 «0503 00499 oC500 «0501
¢100 60437 40439 <0454 ¢0499 ¢0502 «0495 0500 0502
FE50—40416—00418 ¢0435 4049500501 049160501 -«0502
2200 00400 00402 o042 0490 60499 00486 «0501 0501
250 00387 40390 «0410 <0486 00496 <0482 0501 0500
+300 20378 0380 40401 «0484 o0454 40478 «0500 ¢0453
350 00371 +0374 40395 «0482 «0493 40475 0500 «0498
400 00367 40370 40392 «0481 «0492 20473 «0500 0498
*450—0365-40368 40390 «0482 20492 20472 +0500 ¢0497
0500 c0365 00368 00391 00483 00493 00472 00500 00498
550 ¢0367 «0370 ¢0393 +0486 «0495 0473 ¢0500 00498
0600—— %0371 -40374 40398 40490 e 0498 <0475 (0501 e 0499
650 ¢0377 40380 0404 00495 0500 «0478 0501 <0501
700 «0386 0388 +0412 «0500 «0504 +0481 ¢0502 0502
¢ 150——30396-60399--00423-40506 ¢« 0507- ¢ 0484 ~s0502-¢0503
0800 ¢0410. 60412 40436 «0513 +0511 #0488 +0502 ¢0503
850 ¢0426 0428 o0451 «0518 «0514 e0492 +0502 00502
©900-—-40445 40447 20469 e0521 ¢0515 ¢0495 0501 <0500
¢ 950 ¢0470 ¢0471 <0489 <0519 0514 ¢0497 +0500 0498
0990 ¢0493 40493 .0506 «0507 «0510 «0498 +0500 0498
¢999-—60499 40499 0510 «0501 ¢0510 «0500 0500 0500
£ For V..V = V_(O), -
or V., p( )
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Table 6 _
Comperison of Size Qysy(0,C)
- . a'= ,05
hl =] nz = ?
e Y ee Yo Ve Yy Ved V; Vea Vo

7178001 | 40499 40503 40500 «0503 «0500 «05G0 0500 0500
. #0810 40494 050040503 ¢0504-00502-+0500--¢ C500—00499
0050  ¢0472 +0484 «0507 0505 +0505 ¢0498 (500 00499

7.100 60449 0465 40506 «0505 «0504 ¢0496 <0500 0500
.4450*_—40434_40¢&9_+05O3f40504—40501—o0493ut0501_@0501
4200 0416 +0436 40498 0502 60497 0490 60501 0501

. N
0250 00404 60425 40494 «0500 «0492 «0486 00501 0501
2300 2039540416 -80490 40498 ¢0489 «0483 0501 ..0501
#2350 ¢0388 60410 00487 «0496 «0485 «0480 «0500 «0500

« 400 ¢0383 40405 0484 0494 0483 0479 (0500 0500
0450 60380 +0402--00483 . 00493. 60482 0477 «0499 0499
« 500 ¢0379 +0401 40482 «0493 20481 0477 0499 40499

nl' = 1?2.;.2 5

+001——+0499 -00509--40501--e0510 «0501 ¢0500--«0500-¢0500
«010 00489 <0503 «40506 0511 «¢0505 e0499 <0500 <0493
4050 40454 00475 ¢0514—¢0514. 40510 « 0496 «0500 -.0498

100 — 04210445 -40510-e0514 e0506—-e0490—e0503-— 0501
150 #0395 40421 40502 #0510 0498 «0483 0504 «0503
4200403750402 -40493--60504—-e0490- « 0475 60505-.0503

'_QZSO“—100359a.0386u.0484 e0498 00481 «0468 0504 40502
e300 60348 0375 40477 «0493 60474 40462 0503 0501
+35Q—— 1-0339 -0 03{)6—' Of+?—2~—0048 I — e 046 F--e 045777779 0502—-—0 0499-

+400.-— 60333. 40360 ¢0467 0486 «0465 0453 oC501 0498

0450 00329 00356 00465 « 0484 .O£+62 00451 -0500 0049_7
+500.- 40328 -40355_,0464 «0483 . 60462 20450 0500 e 0497
. iy Figlp

® For V.., V = V_(C).
or Nyw ¥ = VA0
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Table 7
Comparison of Power Quay(¢,C)
for nl’-'—'?" ng=?9 C=, 05
s Y g- 82y |- 8=3 3 = Biaell
Vvﬁa Vo vw Vo | Vwa Vo | Ywa© Vo

e001 | 2251 92251 |,.5498 eaqva;.aqos 8405|7685 49685

: 93%..93%)__92% _ 92%| 95% _ 95%| 99%  99%

2000 _| 42256 91225445510 +5508 |e8416 «8414 |.9689 ¢9689

938 933|° 93s  938| 963  965| 998  99g

e 050 02275 0227245563 «55571,8463 o8460|,9707 +9706
94E__ 945 _93% 933|968 __ _96%] 99%.___99% _

100§ 02301 ¢2299|¢5628 4565948521 +8518,9729 ,9727

958  95%| 958  95%| 973 978| 99% 99g

o150 | 2326 02326)|,5692 569128578 +85761.9749 29743

o8l 20, HEAITE 968 . _96%|_ _946% ___94%!_ 97%  ¢7% 998, 99%g

——0200_{ 42349 02349] y5753 ¢5756|.8631 ¢8631].9767 09767

- 978 97%| 978  97%| <98  98%| 99% 99%

e 250 02368 ¢2369)|.5B808 ¢5809|.8680 oB6BD| 9784 9784
e} 988 __98%| _.98% . _98%|..99% __99g - 400%. .. 100%.

——2300..] 42385 ¢2385]|,5855 458564].8722 ¢8723].9799 49799

998  99%| 98% 98%| 99% 99%| 100% 100%

¢350 ¢2397 ¢2397(45893 ¢5894|48757 +8757 9810 «981)

998 ._99%| _99%...99%| 99% ___998(_100% . 10O%

~—e800. { ¢24906 ¢2406(.5920 ¢5920|¢8782 ¢8782|49819 49819

100%  1008|{ 99g  99%| 100% 100%| 100% loD%

e 450 e2411 02411 |e5937 ¢5937 (8798 «8798|.9825 9825

——1 1008  100%| }J00%. l0OO%| 100% . 1008% 100% 1008

——e500_ | 2413 +2413|.5942 .5942|.3803 8803 078241 49826

1008 100%| 100% lo00%| 100% 100%| 100%, 100%

up e2417° ¢595] e 8810 09828

'i“-
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4.2 Comparison of size

The sizes of the various tests are listed in Table 8 for (n], Ny s a) =
(5, 9, .05) and certain values of C. Plots are also given in Fiqure 4
based on 53 values of C as mentioned above. As might have been anticipated,
the tests corresponding to Vmb and VCc are %he most conservative, followed
by that corresponding to Vf. The size of the test based on Vp lies mostly
below o = .05, Welch's approximate t test has size .0521 at C = .9
and manifests a wider variation than his series solution VW(E). The size of

~

the Welch-Aspin test lies between .0500 and .0502, while that based on VO(C)
varies from .0497 to .0503. Although Trickett and Welch (1954) were very

cautious in using Vwa(e) for n; or n, Tless than 7, Table 8 and Figure 4

show the fine performance of this test in controlling size. Its complexity, however,
limits its use in practice. On the other hand, the test based on VO(E) is

much simpler and behaves virtually as well. 1In Table 9, where the size for

By = ng = 7 and [y il ™ 5 are given, the Vo(E) test exhibits as effective

a control of size as does the Welch-Aspin test for ny =n, = 7, and slightly

better for Ny =Ny = 5,

4.3 Comparison of power

It is not meaningful to compare the power of tests when their sizes
differ noticeably. Among the tests considered here, the size of the Vwa(E)
and VO(E) tests are very close and a comparison of their power appears in
Tables 10, 11 and 12 for o = .05 and (n1, nz) = (5, 9), (7, 7), (5, 5),
respectively. To our knowledge, no values of the exact power of the Welch-Aspin
test have appeared anywhere in the literature. The percentage values in these

tables represent the ratio:
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~

Power of the V(C) test
Power of the u

R test when R is known

vwhere V = V0 or Vwa' The actual value of the power of the up test is

given in the last row of the tables. From these tables, one can see that

the power of both Vwa(c) and VO(C) tests is very high and also very

close to each other.
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Table 8
Comparigon of Size Qv(e)(O,C)
_ a = 05

niss’ n2=9

«0501

«a05
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vﬁa

v
o

« (500 0500

e 0499 L0499 00 «0502 <0500
+010—40692 40492 ,0496 «0H01 0507 » 080D 0500 « 0500
« 050 00464 .0465 0476 «0502 40503 e 0499 o(500 0501
«100 00437 0439 L0454 40499 0502 «0495 «0500 0502
'1150—”“70#16“00418'.0@35”10495 #0501 e 0491 0501 0502
0200 0400 +0402 .042%1 0490 e 0499 +0486 40501 «05C1
6250 00387 ,0390 0410 0486 ¢ 0496 «0482 40501 0500
+3600 20378 .0380 ,0401 «0484 (04594 0478 «0500 40463
«400 o0367F s0370 ;0392 <0481 ¢ 0492 40473 0500 .0498
*450 —-,0365- 40368 ,0390 20482 00492 o0472 40500 40497
«500 - s0365 ,0368 #0391 40483 ,0493 ¢ 0472 40500 aOQSS
«550 20367 40370 40393 40486 o049§ «0473 L0500 0498
o600““*q0371 20374 40398 40490 40498 « 0475 40501 +0499
- 0650 0377 0380 +C404 40495 «0500 «0478 0501 0501
« 700 e0386 ,0388 .0412 40500 20504 <0481 40502 <0502
t350~—“10396’00399”00423'00506'00507“00484”00502“00503
e 800 ¢0410 40412 ,0436 «0513 0511 40488 0502 +0503
e 850 e 0426 0428 ,0451 0518 40514 « 0492 L0502 «e0502
e900 —,0445 L0447 00469 «0521 «0515 «0495 «0591 40500
e 950 « 0470 e 0471 « 0489 e 0519 e 0514 e 0497 « 0500 « 0498
«990 «0493 ,0493 ,0506 «0507 «0510 «0498 40500 « 0498
e999 -—,0499 L0499 «0510 «0501 «0510 « 0500 <0500 0500
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Fig, 4

Comparison of Size Qv(e}(ﬁ,c)
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Toble 9
Comparigson of Size QV(G)(O,C)
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Comparison of Power Qay(8,C)

for n125, n2=9, =, 05
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Table 11
Comparison of Power Qv(e)(a,C)
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Comparison Of.POWeT QV(&)(&,C)

for my=5, ny=5, @=,05
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