Best near-interpolation by curves:

optimality conditions

Scott N. Kersey The Center for the Mathematical Sciences The University of Wisconsin-Madison kersey@math.wisc.edu

Abstract

A parametric curve f ∈ L^{(m)}_2 ([0. .1]−→ IR^d) is a near-interpolant to prescribed data points z_{ij} ∈ IR^d at data sites t_i, 0=t_1≤t_2≤ · · · ≤t_n=1, and within tolerances 0 < ε_{ij} ≤ ∞, if |f^{(j−1)}(t_i) − z_{ij} | ≤ ε_{ij} for i=1:n and j=1:m. In this paper, optimality conditions are derived for those near-interpolants that minimize

∫_1 0 |f^{(m)}|^2. We consider both fixed and free data sites, with the possibility of repetitions. For fixed data sites the problem is convex, and we obtain a full characterization for the minimizers (i.e., a necessary and sufficient optimality condition); for free data sites the problem is non-convex, and we obtain a first-order necessary condition. These conditions are applied to the computation of best near-interpolants in [K99c].

1. Introduction

The goal in the variational problem of “best near-interpolation” is to obtain the “smoothest” possible parametric curves that meet prescribed data to within local bounds on the error from interpolation. Near-interpolation is particularly beneficial when there is noise or randomness in the data, situations that often cause problems in curve fits. Moreover, there is a natural mechanism in near-interpolation (via active and inactive constraints) for selecting an optimal sequence of data sites that is often smaller than the given sequence of data points. This is beneficial since the minimizers are polynomial splines and a reduction in the number of data sites means a reduction in the number of polynomial pieces. Since we are considering curves here, the data sites are the parameter locations at which the curves meet the data and may vary from curve to curve. Hence, to include all parametrizations, the data sites are allowed to vary in the most general case.

The setup is as follows. We say that a curve f : [0. .1]−→ IR^d in some normed linear space X is a near-interpolant to prescribed data z ∈ Z within tolerances ε and with respect to a data map Λ_t : X−→Z if Λ_tf ∈ B^−_ε (z) for a particular neighborhood B^−_ε (z) of z. Here, X := L^{(m)}_2 ([0. .1]−→ IR^d) is the Sobolev space of vector-valued functions (curves) f such that f^{(m)} is in the Lebesgue space Y := L_2([0. .1]−→ IR^d), m ≥ 1. In particular, the curves in X have m−1 continuous derivatives. The data map

(1.1) Λ_t : X −→ Z := (IR^{m×n})^d : f −→ (λ_{ij} f := f^{(j−1)}(t_i) : i=1:n, j=1:m)

is then continuous on X for any sequence of data sites

t ∈ Δ^−_n := {t ∈ IR^n : 0=t_1≤t_2≤ · · · ≤t_n=1},

and is moreover onto when the data sites are strictly increasing, i.e., when

t ∈ Δ_n := {t ∈ IR^n : 0=t_1<t_2< · · · <t_n=1}.

For prescribed sequences of data z = (z_{ij} ) and tolerances ε = (ε_{ij} ) with 0 < ε_{ij} ≤ ∞, let B^−_ε (z) := ×_{ij} B^−_{εij} (z_{ij} ), with B^−_{εij} (z_{ij} ) the closed Euclidean ball of radius ε_{ij} in IR^d. Hence, Λ_tf ∈ B^−_ε (z) when |λ_{ij} f − z_{ij} | ≤ ε_{ij} for all i and j. This generalizes interpolation where Λ_tf = z. In particular, λ_{ij} f ≈ z_{ij} when ε_{ij} is small – hence the term “near-interpolant”. Note that the monotonicity of the data sites forces the curves to meet the data points z_{ij} in the order in which they appear in the sequence z.

For a given functional J : X −→ IR, we say that f is a best near-interpolant for fixed data sites t if it solves the minimization problem

(A) minimize_{f∈X} {J(f) : Λ_tf ∈ B^−_ε (z)},

and for free data sites if (f, t) solves (B) minimize_{f∈X, t∈Δ−n} {J(f) : Λ_tf ∈ B^−_ε (z)}. Here, J is the standard quadratic functional J : X −→ IR : f −→ ∫_1 0 |f^{(m)}(s)|^2 ds,

a semi-norm on X.

In this paper, optimality conditions are derived for the solutions to (A) and (B). For (A), the data sites are fixed. As a consequence, the problem is convex, and we obtain full characterizations (i.e., necessary and sufficient optimality conditions) for the solutions. We first derive an abstract characterization by the method of Lagrange, stated in Theorem 4.2, and second, with the solutions known to be polynomial spline curves, we give a finite-dimensional characterization that is useful for computation, stated in Theorem 5.8. The connection between these characterizations is made by a result stated in Lemma 5.3, part (ii). We also state conditions for the existence and uniqueness of solutions to problem (A).

With the data sites free to vary, problem (B) is not convex, and we obtain a first-order necessary optimality condition for the (local) solutions. As in problem (A), the solutions to (B) are spline curves. Hence, to obtain a necessary condition, the minimization in problem (B) is restricted to a certain subset of splines in X that is parametrized by the coefficients and breakpoints (i.e., data sites) of the spline curves. The parametrization is defined with respect to the spline basis dual to Λ_t, for each t, which is particularly convenient since the constraints in (B) become independent of the data sites. Hence, in this parametrization, J can be varied “freely” with respect to the data sites without affecting the feasibility of the curves. The results of this variation are stated in Lemma 7.3 and Proposition 7.5, and the necessary condition is stated in Theorem 7.9. As with the optimality conditions derived for problem (A), the necessary condition for the solutions to (B) apply in the case of repeated data sites, i.e., when t_i = t_{i+1} for some i. The existence of solutions to problem (B) is investigated in [K99b].

For the case that d = 1, problem (A) is similar to the problem

(1.2) minimize_{f∈X} {J(f) : a_{ij} ≤ λ_{ij} f ≤ b_{ij} } of “best interpolation with inequality constraints”, as studied, for example, in [A67], [L69], [MS69], [CP78] and [AE95], in more or less generality. As a consequence, the characterization obtained here is similar to that in these papers, with, in particular, the extension to curves here. The connection between problems (1.2) and (A) is discussed further in [K99d].

Problem (B) is similar to the problem of “best interpolation by curves”, to which (B) reduces when ε_{ij} = 0. This was studied in [To82], [M84], [SeSi86], [RaSe88] and [Se97] for data maps of the form f −→ f(t_i) (i.e., ε_{ij} = ∞ for j > 1 in the setup here), in which case the minimizers are “natural spline curves” in C^m. In particular, for m = 2, a necessary optimality condition is derived in [To82] (as described in detail in [To98]) based on the calculus of variations. Since their curves are C^2 and their interpolation conditions are of the form f −→ f(t_i), those results do not directly apply here. Hence, the variational method used here is different. For the problem of interpolation, existence and uniqueness are verified when m = 2 and d = 1 in [M84], existence is verified for m ≥ 1 and d ≥ 1 in [SeSi86], and uniqueness is investigated in [Se97] in the case that m = 2 and d ≥ 1. The existence results in [SeSi86] are extended to the problem of near-interpolation in [K99b].

2. Additional notation

The following notation will be used in the remainder of this paper. Let D be the derivative operator for functions in X. Then D^m is m-fold differentiation, and in particular D^mf = f^{(m)} and D^mX = Y . The kernel of D^m, denoted ker D^m, is the linear space of those functions in X whose restriction to [0. .1] is a polynomial (curve) of order m, i.e., of degree < m. Let ⟨f, g⟩_X := m∑ j=1 f^{(j−1)}(0) · g^{(j−1)}(0) ⟨f, g⟩_{ker Dm} + ∫_1 0 f^{(m)}(s) · g^{(m)}(s) ds

⟨ f^{(m)}, g^{(m)}⟩_Y

be inner products on X, ker D^m and Y , respectively, with u · v denoting the standard dot product on IR^d. Norms are defined in the usual way: ‖f‖ := ⟨f, f⟩^{1/2}. With this, X becomes a complete inner product space (i.e., a Hilbert space). Note in particular that

J(f) = ‖f^{(m)}‖^2_Y ,

which is the square of a seminorm on X. On Z we have the inner product ⟨α, β⟩_Z := n∑ i=1 m∑ j=1 α_{ij} · β_{ij} .

The optimality conditions derived in this paper depend on certain sequences of “weights” w = (w_{ij} ) (i.e., “Lagrange multipliers”) with w_{ij} ∈ IR for each i and j. These act on sequences α = (α_{ij}) in Z by w α := (w_{ij} α_{ij} : i=1:n, j=1:m) with α_{ij} ∈ IR^d for each i and j, and hence on the maps Λ_t by w Λ_t : X −→ Z : f −→ w (Λ_tf).

The solutions to (A) and (B) are in the linear space (2.1) $_{2m,t} := $_{2m,t}([0. .1] −→ IR^d) of piecewise polynomial curves on [0. .1], into IR^d, of order 2m, and with m − 1 continuous derivatives at the “breakpoints” t_i in t. On $_{2m,t}, let

(2.2) f(t^+_i ) := lim_{t↓ti} f(t), f(t^−_i ) := lim_{t↑ti} f(t), λ^±_{ij} : f −→ f^{(j−1)}(t^±_i ), jmp_{ti} : f −→ f(t^+_i ) − f(t^−_i ), Ψ_t : f −→ ((−1)^{m+j−1}jmp_{ti} f^{(2m−j)} : i=1:n, j=1:m).

To accommodate the “jump maps” at t_1 = 0 and t_n = 1, we specify that f^{(j−1)}(0^−):=0=:f^{(j−1)}(1^+).

The optimality conditions in Theorem 4.2 are stated in terms of the adjoint operators λ^∗_{ij} : IR^d −→ X, Λ^∗_t : Z −→ X and D^{m∗} : Y −→ X, with X = X^∗ and Z = Z^∗ under the usual isometric isomorphisms. In particular, λ^∗_{ij} is associated with the representer of λ_{ij} , and Λ^∗_t : α −→ ∑ ij λ^∗_{ij} α_{ij}.

It is convenient for deriving the optimality conditions to write the constraints in (A) and (B) in terms of inequalities. For this, let Γ_t : X −→ IR^{m×n} : f −→ (Γ_{ij} (f) : i=1:n, j=1:m) with Γ_{ij} : X −→ IR : f −→ |λ_{ij} f − z_{ij} |^2, and let ε^2 := (ε^2_{ij} : i=1:n, j=1:m). Then, problems (A) and (B) can be restated as (2.3) minimize_{f∈X} {J(f) : Γ_t(f) ≤ ε^2} for fixed t ∈ Δ^−_n , and (2.4) minimize_{f∈X, t∈Δ−n} {J(f) : Γ_t(f) ≤ ε^2}, respectively.

3. Existence of the solutions to problem (A)

Theorem 3.1. Assume that Λ^{−1}_t B^−_ε (z) ≠ ∅. Then, solutions to (A) exist, and all solutions are mapped by D^m to the same function.

Proof: Since Λ^{−1}_t B^−_ε (z) is not empty, its image D^m(Λ^{−1}_t B^−_ε (z)) is not empty. Moreover, Λ^{−1}_t B^−_ε (z), as the inverse image of a convex set under a linear map, is convex, hence so is its linear image D^m(Λ^{−1}_t B^−_ε (z)). Further, as the inverse image of a closed set under a bounded linear map, Λ^{−1}_t B^−_ε (z) is closed, hence so is its image D^m(Λ^{−1}_t B^−_ε (z)) since D^m is a bounded linear map (since ‖D^mf‖_Y ≤ ‖f‖_X ) from a Banach space onto a Banach space, hence an open map (by the Open Mapping Theorem).

By a standard theorem on projections in Hilbert spaces, the nonempty, closed and convex set D^m(Λ^{−1}_t B^−_ε (z)) contains a unique element h of minimal norm. Since J = ‖D^m(·)‖^2_Y , then η solves (A) iff η ∈ Λ^{−1}_t B^−_ε (z) and D^mη = h.

Proposition 3.2. Let t ∈ Δ_n. Then Λ_t : X −→ Z is onto and Λ^∗_t : Z −→ X is 1-1.

Proof: When t ∈ Δ_n, it is easy to find f ∈ X such that Λ_tf = α for any α ∈ Z. Indeed, there is a unique piecewise polynomial (curve) of order 2m that satisfies this condition. Hence, Λ_t maps X onto Z. Since the dimension of Z is finite, it follows that Λ^∗_t : Z −→ X is 1-1.

Corollary 3.3. Solutions to (A) exist when t ∈ Δ_n, or when t ∈ Δ^−_n and B^−_{εij} (z_{ij} )∩B^−_{εi+1,j} (z_{i+1,j} ) ≠ ∅ for j=1:m when t_i = t_{i+1}.

Proof: By Proposition 3.2, Λ_tf = z for some f ∈ X when t ∈ Δ_n, implying, in particular, that Λ^{−1}_t B^−_ε (z) is not empty. On the other hand, when t ∈ Δ^−_n and there are repeated data sites, then, with t^′ := (t_i : t_i ≠ t_{i−1}) the maximal strictly increasing subsequence of t, Λ_t′ maps X 1-1 and onto its range. Then Λ_t′ f = ẑ for some f ∈ X, with ẑ ∈ B^−_ε (z) defined such that ẑ_{ij} = ẑ_{i+1,j} when t_i = t_{i+1}, which necessarily exists by the assumption that B^−_{εij} (z_{ij} ) ∩ B_{εi+1,j} ≠ ∅. Hence, again, Λ^{−1}_t B^−_ε (z) is not empty, and by Theorem 3.1, minimizers exist.

4. An abstract characterization of the solutions to (A)

The functional J and the feasible set Λ^{−1}_t B^−_ε (z) for Problem (A) are convex. Hence, the optimality conditions derived here are an infinite-dimensional extension of the so-called Kuhn-Tucker conditions. These are particularly easy to derive when problem (A) is written as in (2.3) since J and Γ_{ij} are Frechét differentiable functions. Indeed, the derivatives of J and Γ_{ij} at η ∈ X are given by the maps DJ(η) : f −→ 2 ⟨D^mη, D^mf⟩_Y = ⟨∇J(η), f⟩_X and DΓ_{ij} (η) : f −→ 2 ⟨λ_{ij}η − z_{ij} , λ_{ij} f⟩_Z = ⟨∇Γ_{ij} (η), f⟩_X , respectively, with the “gradient” of J at η given by ∇J(η) := 2 D^{m∗}D^mη and the gradient of Γ_{ij} at η given by ∇Γ_{ij} (η) := 2 λ^∗_{ij}(λ_{ij} η − z_{ij} ), which are the representers for DJ(η) and DΓ_{ij} (η), respectively (see [BP78: page 93]). (Note that the usage of D in DJ and DΓ_{ij} is different than in the maps D and D^m used throughout this thesis.)

For necessity in the characterization of the solutions to (A), we assume the following constraint qualification:

Condition 4.1 (Slater’s condition, [BP78: page 157]). Γ_t(f) < ε^2 for some f ∈ X (equivalently, the interior of Λ^{−1}_t B^−_ε (z) is not empty).

Condition 4.1 holds in problem (A) when t ∈ Δ_n, or when t_i = t_{i+1} for some i and the interior of B^−_{εij} (z_{ij} ) ∩ B^−_{εi+1,j} (z_{i+1,j} ) is not empty for j=1:m (under the standing assumption that ε_{ij} > 0). This is not the case when B^−_{εij} (z_{ij} ) ∩ B^−_{εi+1,j} (z_{i+1,j}) consists of a single point in IR^d, i.e., when the constraints force “interpolation” at a point. Since the constraint qualification in Condition 4.1 applies only to inequality constraints, the solution in this case is to replace the inequality constraints leading to interpolation by certain equality constraints. This was discussed in [K99a], but is excluded here for simplicity of the exposition.

The characterization stated next is a “Lagrange-type” result. Basically, under the constraint qualification in Condition 4.1, η minimizes (A) iff ∇J(η) is in the span of those ∇Γ_{ij} (η) for which Γ_{ij} (η) = ε^2_{ij} (i.e, those constraints that are “active”).

Theorem 4.2. Let t ∈ Δ^−_n , z ∈ Z and ε ∈ IR^{m×n}_+ . Assume that Condition 4.1 holds. Let η ∈ Λ^{−1}_t B^−_ε (z).

(i) If ker D^m ∩ Λ^{−1}_t B^−_ε (z)=∅, then η solves (A) iff for some w ∈ IR^{m×n}

(4.3)

D^{m∗}D^mη + Λ^∗_t w(Λ_tη − z) = 0, w ≥ 0, w (Γ_t(f) − ε^2) = 0.

(ii) If ker D^m ∩ Λ^{−1}_t B^−_ε (z)≠∅, then η solves (A) iff η ∈ ker D^m.

Proof: Part (ii) is trivial since J(η) = ‖D^mη‖^2_Y = 0 iff η ∈ ker D^m. Hence, it remains to verify part (i). For this, recall that the functionals J and Γ_{ij} are convex and differentiable on X, with gradients ∇J(η) and ∇Γ_{ij} (η) as defined above. It follows by a direct application of [BP78: page 159, Corollary 1.2] that η solves (A) iff ∇J(η) + n∑ i=1 m∑ j=1 w_{ij} ∇Γ_{ij} (η) = 0 for some w = (w_{ij} ) in IR^{m×n} such that w_{ij} ≥ 0 and w_{ij} Γ_{ij} (f) = 0 for all i and j. Then, (4.3) follows on setting ∇J(η) = 2 D^{m∗}D^mη and n∑ i=1 m∑ j=1 w_{ij} ∇Γ_{ij} (η) = n∑ i=1 m∑ j=1 w_{ij} 2 λ^∗_{ij} (λ_{ij} η − z_{ij} )

= 2 n∑ i=1 m∑ j=1 λ^∗_{ij} w_{ij} (λ_{ij} η − z_{ij} ) = 2 Λ^∗_t w(Λ_tη − z).

5. A finite-dimensional characterization of the solutions to (A)

Theorem 4.2 characterizes the solutions to (A) as solutions to a linear equation in the infinitedimensional space X. In this section, we first verify by standard means that the solutions are spline curves, and then we derive a finite-dimensional characterization that is useful for computation. The case of repeated data sites (when t_i = t_{i+1} for some i) will require special attention here. For the first few results, we will assume that there are no such repetitions, i.e, that t ∈ Δ_n.

Proposition 5.1. Assume that t ∈ Δ_n. Then, ran(Λ^∗_t ) = $_{2m,t}.

Proof: Assume first that d = 1. In this case, it is well-known that the “representers” λ^∗_{ij} of the functionals λ_{ij} are in $_{2m,t}. Indeed, these representers can be calculated from the “reproducing kernel function” on X (see [W90: p. 8] and [dBL66]). Therefore, ran(Λ^∗_t ) = span(λ^∗_{ij} ) ⊂ $_{2m,t} in this case. Moreover, it is well-known that the dimension of $_{2m,t} is m n. Indeed, each f ∈ $_{2m,t} can be uniquely represented by n − 1 polynomials p_i of order 2m (degree 2m − 1) such that p^{(j−1)}_i (t_i) = f^{(j−1)}(t_i) and p^{(j−1)}_i (t_{i+1}) = f^{(j−1)}(t_{i+1}) for i=1:n and j=1:m (the so-called two-point Hermite interpolants). Therefore, #λ^∗_{ij} = m n = dim $_{2m,t}, and since Λ^∗_t is 1-1 (by Proposition 3.2), it follows that ran(Λ^∗_t ) = $_{2m,t}.

When d > 1, the same arguments apply to each component of the vector maps λ^∗_{ij} . In this case, dim $_{2m,t} = d m n.

Corollary 5.2. Assume that t ∈ Δ_n and that η solves (A). Then η ∈ $_{2m,t}.

Proof: If ker D^m ∩ Λ^{−1}_t B^−_ε (z)≠∅, then η ∈ ker J = ker D^m ⊂ $_{2m,t}. Hence, assume that ker D^m ∩ Λ^{−1}_t B^−_ε (z)=∅ from here on. Let η =: p + h in ker D^m ⊕ (ker D^m)^⊥, an orthogonal sum decomposition of X. Since h ∈ (ker D^m)^⊥, it follows that ⟨D^{m∗}D^mh, ·⟩_X = ⟨D^mh, D^m·⟩_Y = ⟨h, ·⟩_{ker Dm} + ⟨D^mh, D^m·⟩_Y = ⟨h, ·⟩_X , and so D^{m∗}D^mh = h. That is, D^{m∗}D^m is the identity map on (ker D^m)^⊥. By (4.3) h = D^{m∗}D^mη = −Λ^∗_t w(Λ_tη − z). Therefore, h ∈ ran(Λ^∗_t ) = $_{2m,t} (by Proposition 5.1), ans so η = p + h ∈ ker D^m + $_{2m,t} = $_{2m,t}.

In (5.4) of the next result, the value of the J on $_{2m,t} is stated in terms of the “jump-map” Ψ_t : X −→ Z defined in (2.2); a standard application of integration by parts. In (5.5), these jumpmaps are shown to have a particular abstract representation that provides a useful means to pass from the abstract infinite dimensional problem on X to the finite-dimensional problem on $_{2m,t}, and that is used to derive the characterization stated in Theorem 5.8.

Lemma 5.3. Let t ∈ Δ_n and f ∈ $_{2m,t}, and let Ψ_t be the “jump-map” from (2.2). Then,

(5.4) J(f) = ⟨Ψ_tf, Λ_tf⟩_Z

(5.5) Ψ_tf = (Λ^∗_t )^{−1}D^{m∗}D^mf.

Proof: Since f ∈ $_{2m,t}, the one-sided derivatives f^{(j−1)}(t^±_i ) are defined for all i and j. Let g ∈ X. By integration by parts,

⟨D^mf, D^mg⟩_Y = ∫_1 0 f^{(m)} · g^{(m)} = n−1∑ i=1 ∫_{ti+1} t_i f^{(m)} · g^{(m)}

= n−1∑ i=1 m∑ j=1 (−1)^{j−1} f^{(m+j−1)} · g^{(m−j)} | | |^t − i+1 t^+_i

+ (−1)^m ∫_{ti+1} t_i f^{(2m)} · g

= n∑ i=1 m∑ j=1 (−1)^j (jmp_{ti} f^{(m+j−1)}) · g^{(m−j)}(t_i) + 0

= n∑ i=1 m∑ j=1 (−1)^{m−j+1} (jmp_{ti} f^{(2m−j)}) · g^{(j−1)}(t_i) = ⟨Ψ_tf, Λ_tg⟩_Z . With g = f, J(f) = ⟨D^mf, D^mf⟩_Y = ⟨Ψ_tf, Λ_tf⟩_Z , proving (5.4). On passing to the adjoints, ⟨D^{m∗}D^mf, g⟩_X = ⟨Λ^∗_t Ψ_tf, g⟩_X , and since this holds for all g in X, it follows that

D^{m∗}D^mf = Λ^∗_t Ψ_tf.

In particular, D^{m∗}D^mf is in the range of the map Λ^∗_t . Since t ∈ Δ_n (i.e., there are no repetitions of the data sites), then Λ^∗_t is 1-1 (by Proposition 3.2), and so (Λ^∗_t )^{−1} is well-defined on the range of Λ^∗_t . Hence, (5.5) follows.

The earlier results in this section assumed that the data sites had not repetitions, i.e., t_i ≠ t_{i+1} for all i. However, in the characterization stated next, repetitions are allowed. The main difficulty in this case is that the map Λ_t : X −→ Z is not onto. To remedy this difficulty, we will apply the above results with respect to the maximal strictly increasing subsequence of t, defined as (5.6) t^′ := (t_i : t_i ≠ t_{i−1}).

Then, the data map Λ_t′ maps X onto its range, and certain results above apply with respect to t^′ and Λ_t′ . Corresponding to t^′, let

(5.7) w^′_{ij} := ∑ t_k =t^′_i w_{kj} and

z^′_{ij} := { ∑ t_k =t^′_i wkj zkj /w ′ ij , if w^′_{ij} ≠ 0; 0, otherwise, for i=1:n^′ and j=1:m with n^′ := #t^′. With this setup, we can now state a finite-dimensional characterization for solutions to (A). In the case that t ∈ Δ_n, simply remove the “primes” where they appear.

Theorem 5.8. Let t ∈ Δ^−_n , z ∈ Z and ε ∈ IR^{m×n}_+ , and let Ψ_t be the “jump-map” from (2.2). Assume that Condition 4.1 holds. Let η ∈ Λ^{−1}_t B^−_ε (z).

(i) If ker D^m ∩ Λ^{−1}_t B^−_ε (z)=∅, then η solves (A) iff for some w ∈ IR^{m×n}

(5.9)

(w^′Λ_t′ + Ψ_t′ ) η = w^′z^′, w ≥ 0, w (Γ_t(f) − ε^2) = 0.

In this case η ∈ $_{2m,t}′ .

(ii) If ker D^m ∩ Λ^{−1}_t B^−_ε (z)≠∅, then η solves (A) iff η ∈ ker D^m.

Proof: Part (ii) was proved in Theorem 4.2. It was also shown in this theorem that, when ker D^m ∩ Λ^{−1}_t B^−_ε (z)=∅, η solves (A) iff (5.10) D^{m∗}D^mη + Λ^∗_t w(Λ_tη − z) = 0 for some w ≥ 0 with w_{ij} = 0 when |λ_{ij} η − z_{ij} | < ε_{ij} . Now,

Λ^∗_t w(Λ_tη − z) = n∑ i=1 m∑ j=1 w_{ij} (λ_{ij} η − z_{ij} ) · λ_{ij} = n^′∑

i=1 m∑ j=1 ∑ t_k=t^′_i w_{kj} (λ_{kj} η − z_{kj} ) · λ_{kj} , while ∑ t_k =t^′_i w_{kj} (λ_{kj} η − z_{kj} ) · λ_{kj} = ∑ t_k =t^′_i w_{kj} (λ^′_{ij} η − z_{kj} ) · λ^′_{ij} = ( ∑ t_k =t^′_i w_{kj} )(λ^′_{ij}η) · λ^′_{ij} − ( ∑ t_k =t^′_i w_{kj} z_{kj} ) · λ^′_{ij} = w^′_{ij} (λ^′_{ij} η) · λ^′_{ij} − w^′_{ij} z^′_{ij} · λ^′_{ij} = w^′_{ij} (λ^′_{ij} η − z^′_{ij} ) · λ^′_{ij} , and so

(5.11) Λ^∗_t w(Λ_tη − z) = n^′∑

i=1 m∑ j=1 w^′_{ij} (λ^′_{ij} η − z^′_{ij} ) · λ^′_{ij} = Λ^∗_t′ w^′(Λ_t′ η − z^′). Hence, by (5.10)

(5.12) D^{m∗}D^mη + Λ^∗_t′ w^′(Λ_t′ η − z^′) = 0.

Since there are no repetitions of the data sites in t^′, it follows by Proposition 3.2 (with t^′ in place of t) that Λ_t′ maps X 1-1 onto its target. As a consequence, η ∈ $_{2m,t}′ by Corollary 5.2 with t^′ in place of t, and Ψ_t′ η = (Λ^∗_t′ )^{−1}D^{m∗}D^mη by Lemma 5.3. By (5.12), D^{m∗}D^mη is in the range of the 1-1 map Λ^∗_t′ , and so, (Λ^∗_t′ )^{−1}D^{m∗}D^mη + w^′(Λ_t′ η − z^′) = 0.

By (5.5), but with t^′ in place of t,

Ψ_t′ η = (Λ^∗_t′ )^{−1}D^{m∗}D^mη,

and so Ψ_t′ η + w^′(Λ_t′ η − z^′) = 0, which is equivalent to the corresponding equation in (5.9).

By (5.9), Ψ_t′ η = −w^′(Λ_t′ η − z^′) = −w(Λ_tη − z).

That is,

(5.13) jmp_t′_i η^{(2m−j)} = (−1)^{m+j} w^′_{ij} (λ^′_{ij} η − z^′_{ij} ) = (−1)^{m+j} ∑ t_k=t_i w_{kj} (λ_{kj} η − z_{kj} ), for i=1:n^′ and j=1:m. In particular, jmp_t′_i η^{(2m−j)} = 0 when w^′_{ij} = 0. As a consequence, η reduces to a “natural spline” when w_{ij} = 0 for j > 1 (which is necessarily the case when ε_{ij} = ∞ for j > 1).

6. Uniqueness of the solutions to (A)

In this section, we first prove the unique solvability of the linear system in Theorem 5.8 for certain fixed weights, and then, by independent means, we verify the stronger result that the solutions to problem (A) are unique under similar conditions on the weights. In the case of repeated data sites, we follow the convention in (5.6) and (5.7).

Proposition 6.1. Let t ∈ Δ^−_n and w ∈ IR^{m×n}_{≥0} . Let V_t′ be the basis for $_{2m,t}′ dual to Λ_t′ . Suppose that ker D^m ∩ ker wΛ_t={0}. Then, the quadratic form associated to the map (w^′ Λ_t′ + Ψ_t′ )V_t′ is positive definite on Z^′ := (IR^{m×n′} )^d, and the restriction of (w^′ Λ_t′ + Ψ_t′ ) to $_{2m,t}′ is invertible.

Proof: Let α^′ ∈ Z^′. Since Λ_t′ maps $_{2m,t}′ onto Z^′, then there exists an f ∈ $_{2m,t}′ such that f = V_t′ α^′. For this f, Λ_t′ f = Λ_t′ V_t′ α^′ = α^′.

Then, α^{′T} (w^′ Λ_t′ + Ψ_t′ )V_t′ α^′ = α^{′T} w^′ Λ_t′ V_t′ α^′ + α^{′T} Ψ_t′ V_t′ α^′ = α^{′T} w^′ α^′ + ⟨Ψ_t′ V_t′ α^′, α^′⟩_{Z′} = (Λ_t′ f)^T w^′ (Λ_t′ f) + ⟨Ψ_t′ f, Λ_t′ f⟩_{Z′} = ( √ w^′ Λ_t′ f)^T ( √ w^′ Λ_t′ f) + J(f),

the last equality by (5.4). Since w ≥ 0, and hence w^′ ≥ 0, the right hand side is non-negative. Moreover, if it is zero, then f ∈ ker J = ker D^m and f ∈ ker √ w^′ Λ_t′ = ker w^′ Λ_t′ . Since ker w^′ Λ_t′ = ker w Λ_t, then f = 0 when ker D^m ∩ ker wΛ_t={0}.

Consequently, (w^′ Λ_t′ + Ψ_t′ )V_t′ is positive definite on Z^′, and in particular, it is invertible. Since V_t′ is invertible as a map to $_{2m,t}′ , the restriction of (w^′ Λ_t′ + Ψ_t′ ) to $_{2m,t}′ is invertible.

By Proposition 6.1, there is only one solution to problem (A) that corresponds to each sequence of weights satisfying (5.9), when ker D^m ∩ ker wΛ_t={0}. Under certain additional conditions, uniqueness to (A) follows as well, as stated in part (iii) in the next result.

Proposition 6.2. Let t ∈ Δ^−_n , z ∈ Z and ε ∈ IR^{m×n}_+ . Assume that Condition 4.1 holds. Assume also that ker D^m ∩ Λ^{−1}_t B^−_ε (z)=∅. Let η and η̂ be solutions to (A), and let w and ŵ be as described in Theorem 5.8 for η and η̂, respectively. Then,

(i) λ_{ij} η = λ_{ij}η̂ if w_{ij} ≠ 0 or ŵ_{ij} ≠ 0 (=⇒ η and η̂ agree on active constraints). (ii) w = ŵ if, for each i and j, the sequence

S_{ij} := (λ_{kj} η − z_{kj} : t_k = t_i and |λ_{kj} η − z_{kj} | = ε_{kj} )

is linearly independent (unique weights). (iii) η = η̂ if ker D^m ∩ ker wΛ_t={0} (uniqueness).

Proof: We start by proving (i), specifically, by proving that both w_{ij} and ŵ_{ij} must be zero when λ̂_{ij} η ≠ λ_{ij} η. So, suppose that v := λ_{ij} η − λ_{ij}η̂ ≠ 0 for some i in {1:n} and j in {1:m}. By Theorem 5.8, ŵ_{kj} ≥ 0 and w_{kj} ≥ 0 for all k such that t_k = t_i. Moreover, if, for example, w_{kj} > 0, then |λ_{kj} η − z_{kj} | = ε_{kj} , hence, λ_{kj} η − z_{kj} is normal to the supporting hyperplane to B^−_{εkj} (z_{kj} ) at λ_{kj} η and w_{kj} (λ_{kj} η − z_{kj} ) · v > 0, while w_{kj} (λ_{kj} η − z_{kj} ) · v ≥ 0 always holds, with equality only if w_{kj} = 0. Therefore,

(6.3) ∑ t_k =t_i w_{kj} (λ_{ij} η − z_{kj} ) · v ≥ 0

with strict inequality iff w_{kj} > 0 for some k such that t_k = t_i. Symmetrically,

(6.4) ∑ t_k=t_i ŵ_{kj} (λ_{ij}η̂ − z_{kj} ) · (−v) ≥ 0

with strict inequality iff ŵ_{kj} > 0 for some k such that t_k = t_i.

To complete the proof of (i), note by Theorem 3.1 that η̂−η is in ker D^m. Hence, jmp_{ti} (η̂^{(2m−j)} − η^{(2m−j)}) = 0 for i=1:n and j=1:m, and by (5.13)

(6.5) ∑ t_k =t_i ŵ_{kj} (λ_{ij}η̂ − z_{kj} ) = ∑ t_k=t_i w_{kj} (λ_{ij} η − z_{kj} ).

By (6.3) and (6.4), this implies that 0 ≥ ∑ t_k=t_i ŵ_{kj} (λ_{ij}η̂ − z_{kj} ) · v = ∑ t_k=t_i w_{kj} (λ_{ij} η − z_{kj} ) · v ≥ 0,

which can only occur with equality in these inequalities, and moreover, iff ŵ_{kj} = w_{kj} = 0 for all k such that t_k = t_i. This completes the proof of (i).

To verify (ii), we first note by (i) that ŵ_{ij} = w_{ij} = 0 when λ_{ij}η̂ ≠ λ_{ij} η. Hence, it remains to consider the case that λ_{ij}η̂ = λ_{ij} η. Assuming this, it follows by (6.5) that

(6.6) ∑ t_k =t_i (ŵ_{kj} − w_{kj} )(λ_{ij} η − z_{kj} ) = 0.

When |λ_{ij} η − z_{kj} | < ε_{kj} , then w_{kj} = 0, and moreover ŵ_{kj} = 0 since either |λ_{ij}η̂ − z_{kj} | < ε_{kj} or λ_{ij}η̂ ≠ λ_{ij} η (applying part (i) here). Hence, (6.6) is equivalent to ∑ λ_{kj} η−z_{kj} ∈S_{ij} (ŵ_{kj} − w_{kj} )(λ_{ij} η − z_{kj} ) = 0,

which implies that ŵ_{kj} = w_{kj} for all k such that t_k = t_i when the sequence S_{ij} is linearly independent, as assumed (and as is trivially the case when t ∈ Δ_n). This proves (ii).

Finally, since, by (i), λ_{ij}η̂ = λ_{ij} η when w_{ij} ≠ 0, it follows that wΛ_tη̂ = wΛ_tη. Therefore, η̂ − η is in ker wΛ_t, and so η̂ = η when ker D^m ∩ ker wΛ_t={0}, proving (iii).

Part (i) of Proposition 6.2 states that distinct minimizers have the same active constraints when ker D^m ∩ Λ^{−1}_t B^−_ε (z)=∅, and, moreover, the same function values at these constraints. Hence, minimizers can differ only at inactive constraints. However, even when ker D^m ∩ Λ^{−1}_t B^−_ε (z)=∅, there may be more than one solution to (A), as in the following example.

Example 6.7. Let n= m= 2 and d = 1. Let z_{11} = z_{21} = 1, ε_{11} = ε_{21} = 1, z_{12} = 1, z_{22} = −1 and ε_{12} = ε_{22} = 1/4. Then ker D^m ∩ Λ^{−1}_t B^−_ε (z)=∅, but the solutions to problem (A) are not unique.

Proof: Since there are feasible functions, then solutions exist by Theorem 3.1. For the given configuration, B^−_{ε12} (z_{12}) ∩ B^−_{ε22} (z_{22}) = ∅, and so the end slopes of the feasible functions must differ. Since the polynomials in ker D^m are linear, then necessarily ker D^m ∩ Λ^{−1}_t B^−_ε (z)=∅.

Let η be one such solution. If η(1) ≠ η(0), then η(1 − ·) is a solution since it satisfies the constraints and J(η(1 − ·)) = J(η). On the other hand, if η(1) = η(0), then either 1 + η or −1 + η is a solution.

Although non-uniqueness in (A) may occur, solutions generally are unique for small m. Hence, it is perhaps not so important to identify all those configurations of the data (z, ε, t) that lead to uniqueness, and is moreover a tricky matter since the Hermite-type constraints often reduce to “Birkhoff” constraints when, for example, w_{ij} ≠ 0 but w_{i,j−1} = 0 for some i and j. However, a partial attempt in this direction was made in [K99a]. Two special cases where uniqueness does hold are when m = 2 and there is no polynomial of degree 2m − 1 that meets the constraints, and when w_{ij} = ∞ for j > 1 and ker D^m ∩ Λ^{−1}_t B^−_ε (z)=∅. For the second case, which was already proved in [L69] when d = 1, it follows that w_{i1} ≠ 0 for at least m weights, in which case ker D^m ∩ ker wΛ_t={0}, and uniqueness follows by Proposition 6.2.

7. A necessary optimality condition for the solutions to (B)

In this section we derive a first-order necessary optimality condition for the (local) solutions (η, t) to (B). Since, for such a solution, η necessarily solves (A) for these fixed t, it follows by Theorem 5.8 that η satisfies (5.9) and η ∈ $_{2m,t}′ . Hence, the solutions to (B) are splines curves.

To obtain a necessary condition, we first consider those functions in X that are splines with data sites t ∈ Δ_n, i.e., data sites with no repetitions. For this, let

$_{2m} := {f ∈ X : f ∈ $_{2m,t} for some t ∈ Δ_n}.

To parametrize $_{2m}, let

φ : Z × Δ_n −→ $_{2m} : (α, t) −→ V_t α = ∑ ij α_{ij} v_{ij}

with V_t = [v_{ij} ] the basis-map for $_{2m,t} that is dual to Λ_t; the “piecewise Hermite” basis. In particular,

Λ_tf = Λ_tφ(α, t) = Λ_tV_t α = α

when f = V_t α. As a consequence, the constraints |λ_{ij}f −z_{ij} | ≤ ε_{ij} conveniently reduce to |α_{ij} −z_{ij} | ≤ ε_{ij} when f = V_t α, and problem (A) simplifies to

(7.1) minimize α∈B^−_ε (z), t∈Δ_n J ∘ φ(α, t).

The necessary condition derived here is obtained by taking variations with respect to the coefficients α and the data sites t, separately. Since the case of fixed t was considered in problem (B), it remains to consider variations of t with α fixed. This turns out to be particularly convenient in the setup here since the data sites t can be varied freely in Δ_n without affecting the constraint α ∈ B^−_ε (z) in (7.1). Hence, it remains to consider the unconstrained minimization problem

(7.2) minimize_{t∈Δn} J ∘ φ (α, t)

for fixed α ∈ B^−_ε (z).

To obtain an optimality condition for local solutions, we need to find stationary points of (7.2). For this, we differentiate J ∘ φ with respect to t_i for i=2:n−1 (with t_1 = 0 and t_n = 1 fixed). For this, let ∂_{ti} and ∂_t±_i denote partial derivative operators. For example, at s ∈ [0. .1],

[∂_t+_i φ(α, t)](s) := lim_{ϵ↓0} φ(α, t + ϵe_i)(s) − φ(α, t)(s) ϵ with e_i := ( i−1 0, . . . , 0, 1, 0, . . . , 0) ∈ IR^n. Note that since t_i < t_{i+1} for all i, then t + ϵe_i ∈ Δ_n for small enough ϵ. To simplify notation, let ∂_t±_i f := ∂_t±_i φ(α, t) when f = φ(α, t).

Lemma 7.3. Let f := φ(α, t) for (α, t) ∈ Z × Δ_n. For i=2:n−1 and j=1:m,

[∂_t±_i f^{(j−1)}](t_k) = { −f^{(j)}(t^±_k ), if k = i; 0, otherwise.

For j < m, “±” can be removed.

Proof: With α fixed, Λ_{t+ϵ ei} φ(α, t + ϵ e_i) = α, and since (t + ϵ e_i)(k) = t_k when k ≠ i, it follows that D^{j−1}φ(α, t + ϵ e_i)(t_k) = D^{j−1}φ(α, t + ϵ e_i)((t + ϵ e_i)(k)) = α_{ij} when k ≠ i. In this case, [∂_t+_i f^{(j−1)}](t_k) = [∂_t+_i D^{j−1}φ(α, t)](t_k) = lim_{ϵ↓0} α_{ij} − α_{ij} ϵ = 0.

Likewise, [∂_t−_i f^{(j−1)}](t_k) = 0 when k ≠ i.

Consider the case that k = i. Let

(7.4) p_i := p_i(t, ·) = 2m∑ l=1 β_l(t)(· − t_i)^{l−1}/(l − 1)!

with β_l(t) = f^{(l−1)}(t^+_i ), the Taylor polynomial representation for f on (t_i . . t_{i+1}). Then,

∂_{ti} p^{(j−1)}_i = 2m∑ l=j (∂_{ti} β_l)(t)(· − t_i)^{l−j} /(l − j)! − 2m∑ l=j+1 β_l(t)(· − t_i)^{l−j−1}/(l − j − 1)!, and so [∂_{ti} p^{(j−1)}_i ](t_i) = (∂_{ti} β_j )(t) − β_{j+1}(t).

Now, β_{m+1}(t), . . . , β_{2m}(t) will vary as t_i varies, however, β_j (t) = α_{ij} for j=1:m, which are fixed independent of t_i. As a consequence, [∂_{ti} p^{(j−1)}_i ](t_i) = −β_{j+1}(t) = −p^{(j)}_i (t_i) for j=1:m, implying that [∂_t+_i f^{(j−1)}](t_i) = −f^{(j)}(t^+_i ).

Similarly, it can be shown that [∂_t−_i f^{(j−1)}](t_i) = −f^{(j)}(t^−_i ) on considering the restriction of f to (t_{i−1} . . t_i].

We will now determine the derivative of the map J ∘ φ : Z × Δ_n −→ IR : (α, t) −→ ∫_1 0 |D^mf(s)|^2 ds with respect to t_i for fixed α. For convenience, let ∂_{ti} J(f) denote ∂_{ti} J(φ(α, t)) with f := φ(α, t).

Proposition 7.5. Let f := φ(α, t) for (α, t) ∈ Z × Δ_n. For i=2:n−1,

∂_{ti} J(f) = 2 m∑ j=1 (−1)^{m+j} (jmp_{ti} f^{(2m−j)}) · f^{(j)}(t_i),

with f^{(m)}(t_i) := (f^{(m)}(t^+_i ) + f^{(m)}(t^−_i ))/2.

Proof: First, note that

(7.6) ∂_{ti} J(f) = n−1∑ k=1 ∂_{ti} ∫_{tk+1} t_k f^{(m)}(s) · f^{(m)}(s) ds,

and that the restriction of f to the interval (t_i . .t_{i+1}) is equivalent to the Taylor polynomial p_i defined in (7.4). For each i, the functions β_l in (7.4) are rational functions of the differences t_{i±1} − t_i, which are bounded away from zero when t ∈ Δ_n, as assumed here. Therefore, the map (t, s) −→ p^{(j−1)}_i (t, s) is continuously differentiable (for all j). As a consequence, Leibniz’ rule applies to (7.6), i.e.,

(7.7) ∂_{ti} J(f) = f^{(m)} · f^{(m)} | |^{t−}i t^+_i + 2 n−1∑ k=1 ∫_{tk+1} t_k f^{(m)} · ∂_{ti} f^{(m)},

and the operators ∂_{ti} and D^j commute. By integration by parts, and with f^{(2m)} ≡ 0, it follows that

(7.8)

∫_{tk+1} t_k f^{(m)} · ∂_{ti} f^{(m)} = ∫_{tk+1} t_k f^{(m)} · D^m∂_{ti} f = 2 m∑ j=1 (−1)^{m+j} f^{(2m−j)} · D^{j−1}∂_{ti} f | | |^{tk+1}_{tk}

= 2 m∑ j=1 (−1)^{m+j} f^{(2m−j)} · ∂_{ti} f^{(j−1)} | |^{tk+1} t_k . By Lemma 7.3 [∂_t±_i f^{(j−1)}](t_k) equals −f^{(j)}(t^±_i ) when k = i and is 0 otherwise, hence, with (7.8), (7.7) reduces to

∂_{ti} J(f) = f^{(m)} · f^{(m)} | | |^t − i t^+_i + 2 m∑ j=1 (−1)^{m+j} f^{(2m−j)} · f^{(j)} | | |^t + i t^−_i = (jmp_{ti} f^{(m)}) · (f^{(m)}(t^+_i ) + f^{(m)}(t^−_i )) + 2 m−1∑ j=1 (−1)^{m+j} (jmp_{ti} f^{(2m−j)}) · f^{(j)}(t_i)

= 2 m∑ j=1 (−1)^{m+j} (jmp_{ti} f^{(2m−j)}) · f^{(j)}(t_i)

,

with f^{(m)}(t_i) = (f^{(m)}(t^+_i ) + f^{(m)}(t^−_i ))/2.

A necessary condition for (local) solutions (η, t) to problem (B) is stated next. To handle repeated data sites in the sequence t, Proposition 7.5 will be applied with respect to the sequence t^′ in (5.6). Also let n^′ := #t^′ and w^′, z^′ and ε^′ as in (5.7), and let λ^±_{ij} be as defined in (2.2).

Theorem 7.9. Let z ∈ Z and ε ∈ IR^{m×n}_+ . Suppose that (η, t) is a local solution to problem (B). Assume that Condition 4.1 holds with respect to t, and that ker D^m ∩ Λ^{−1}_t B^−_ε (z)=∅. Then η ∈ ran(V_t′ ) with V_t′ the basis for $_{2m,t}′ that is dual to Λ_t′ , and for some w ∈ IR^{m×n},

(7.10)

(w^′Λ_t′ + Ψ_t′ ) η = w^′z^′, w ≥ 0, w (Γ_t(f) − ε^2) = 0, m∑ j=1 w^′_{ij} (λ^′_{ij} η − z^′_{ij} ) · λ^′_{i,j+1}η = 0 for i=2:n^′−1, with λ_{i,m+1} = (λ^+_{i,m+1} + λ^−_{i,m+1})/2.

Proof: Since η necessarily solves problem (A) for the fixed t, then η ∈ $_{2m,t}′ and the first two equations in (7.10) follow by Theorem 5.8 part (i). Since t^′ is a local minimizer of J ∘ φ(α^′, ·) for fixed α^′ ∈ Z^′ such that η = V_t′ α^′, then ∂_t′_i J(η) = 0. Therefore,

∂_t′_i J(η) = 2 m∑ j=1 (−1)^{m+j} (jmp_t′_i η^{(2m−j)}) · η^{(j)}(t^′_i) = 0

by Proposition 7.5 with t^′, Δ_n′ , $_{2m,t}′ and V_t′ in place of t, Δ_n, $_{2m,t} and V_t, respectively, and with η^{(m)}(t^′_i) := (η^{(m)}((t^′_i)^+) + η^{(m)}((t^′_i)^−))/2. By (5.13)

jmp_t′_i η^{(2m−j)} = (−1)^{m+j}w^′_{ij} (λ^′_{ij} η − z^′_{ij} ),

and the third equation in (7.10) follows.

Note that, on expanding out w^′_{ij} , λ^′_{ij} and z^′_{ij} , the third equation in (7.10) is equivalent to ∑ t_k =t^′_i m∑ j=1 w_{kj} (λ_{kj} η − z_{kj} ) · λ_{k,j+1}η = 0, for each i=2:n^′−1. This is an “orthogonality” condition. Indeed, assuming that t ∈ Δ_n and m > 1, this equations reduces to (η(t_i) − z_{i1}) · η^′(t_i) = 0 at t_i when w_{i1} > 1 and w_{ij} = 0 for all j > 1. In particular, this occurs for “natural” spline curves.

Theorem 7.9 was derived, in part, by taking variations of the data sites in directions that maintain their multiplicities, while holding the coefficients α fixed. This prevents difficulties that can occur when data sites are separated along a variation. However, it is shown in [K99b] that sequences ((η^l, t^l)) converge under certain conditions when t^l −→ t and when η^l solves problem (A) for fixed t^l, even when there are repetitions. This contrasts spline “interpolation” with free data sites where the functional J may become unbounded on similar sequences.

8. Examples

In the examples that follow m = 2, and consequently the curves are cubic splines. In Figure 8.1, two near-interpolating “functions” are fit to the titanium heat data in [dB78: page 226], with the abscissae of the data re-scaled over [0. .1] to conform to the setup here. In (a) the tolerances are small, and consequently the curve mirrors the inflections (possibly errors) in the data. With the larger tolerances in (b) (as indicated by the “gates”), these errors are smoothed over, and a smoother curve results. Moreover, of the 49 data points, 45 are active in (a) but only 13 in (b). This means that the curve in (a) needs about 45 polynomial pieces, while the curve in (b) needs only about 13; a significant reduction. Hence, near-interpolation provides an automatic mechanism for choosing optimal data sites (hence knots) in spline curves that is generally less than the size of the data set.

ε_{i1}=0.001 ε_{i2}=∞ 45 active J(η)=6.36e−4

(a)

ε_{i1}=0.02 ε_{i2}=∞ 13 active J(η)=4.98e−4

(b) Figure 8.1. Titanium heat data: 49 data points, m = 2, d = 1, solves (A).

As with the data in Figure 8.1, the data in 8.2 appears to have some error. Consequently, the curve fit in (a) is rather unwieldy. To better recover the underlying “shape”, larger tolerances are introduced (displayed as circles), producing the curve in (b), which moreover has less “energy”, as measured by J.

(a) εi1=0.01 (b) εi1=0.1

Figure 8.2. Shepherd’s crook: m = 2, d = 2, ε_{i2} = ∞, solves (B).

In Figure 8.3, a sharp corner is approximated by near-interpolants to problem (A) for prescribed data sites t. For (a), the tolerances ε_{i2} are infinite for all i, and for (b) these tolerances are chosen small at the “corners”. Consequently, the curve in (a) is a natural spline, unlike that in (b). At each corner there is a horizontal tangent (1, 0) and a vertical tangent (0, −1) prescribed. The curvature of the curves at these corners is moreover controlled by the tolerances ε_{i1}, i.e., the radii of the displayed circles. A blowup of one of the corners in (b) is displayed in (c), with the ∗’s at the points η(t_i).

ε_{i2}=∞ (a)

ε_{i2}=(∞,.01,.01,.01,.01,∞)

(b) (c)

Figure 8.3. “Sharp” corners: m = 2, d = 2, ε_{i1} = 0.05, solves (A).

In Figure 8.4 the solution to problem (A) for two common choices of parametrizations are compared to the solution to problem (B). As a consequence of the freedom to select an optimal parametrization, there are more feasible curves to choose from in (B), and consequently, the third curve has less energy than the first two, as measured by J. In general, parametrizations can have a significant effect on the resulting curves.

Uniform (A) Chordal (A) Optimal (B)

Figure 8.4. Various parametrizations: fixed and free data sites, m = 2, d = 2, ε_{i2} = 0.

Acknowledgement

I wish to thank Carl de Boor for his input on the writing and on some of the results in this paper.

References

[AE95] Andersson, L.-E., and T. Elfving (1995), “Best constrained approximation in Hilbert space and interpolation by cubic splines subject to obstacles”, Siam J. Sci. Comput. 16, 1209–1232.

[AL68] Anselone, P. M., and P. J. Laurent (1968), “A general method for the construction of interpolating or smoothing spline-functions”, Numerische Mathematik 12, 66–82.

[A67] Atteia, M. (1967), Fonctions spline avec contraintes linéaires type inégalite, Congrès de l’AFIRO, Nancy, Mai.

[BP78] Barbu, V., and Th. Precupanu (1978), Convexity and optimization in Banach spaces, Stijthoff & Noordhoff, Bucuresti.

[dBL66] de Boor, C., and R. E. Lynch (1966), “On splines and their minimum properties”, J. Math.

Mech. 15, 953–969.

[dB78] de Boor, C. (1978), A Practical Guide to Splines, Springer Verlag (New York). [B86] Braess, D. (1986), Nonlinear Approximation Theory, Springer Verlag (Berlin).

[CP78] Copley, P., and L. L. Schumaker (1978), “On pLg−splines”, J. Approx. Theory 23, 1–28. [HR67] Hobby, C. R., and J. R. Rice (1967), “Approximation from a curve of functions”, Arch. Rational Mech. Anal. 24, 91–106.

[JS68] Jerome, J., and L. L. Schumaker (1968), “A note on obtaining natural spline functions by the abstract approach of Atteia and Laurent”, SIAM J. Numer. Anal. 5, 657–663.

[K99a] Kersey, S. (1999), A minimizing spline curve under near-interpolatory constraints, Ph.D. Dissertation, The University of Wisconsin-Madison.

[K99b] Kersey, S. (1999), “Best near-interpolation by curves: existence and convergence”, in preparation xx, xx–xx.

[K99c] Kersey, S. (1999), “Best near-interpolation by curves: computation”, in preparation , . [K99d] Kersey, S. (1999), “Duality in near-interpolation and the weights of the smoothing spline”, in preparation , .

[L69] Laurent, P. J. (1969), “Construction of spline functions in a convex set”, in Approximation with Special Emphasis on Spline Functions (I. J. Schoenberg, ed), Academic Press (New York), 415–446.

[MS69] Mangasarian, O. L., and L. L. Schumaker (1969), “Splines via optimal control”, in Approximation with Special Emphasis on Spline Functions (I. J. Schoenberg, ed), Academic Press (New York), 119–155.

[M84] Marin, S. P. (1984), “An approach to data parametrization in parametric cubic spline interpolation problems”, J. Approx. Theory 41, 64–86.

[RaSe88] Rademacher, C., and K. Scherer (1990), “Algorithms for computing best parametric cubic interpolation”, in Algorithms for Approximation II (M. G. Cox and J. C. Mason, eds), Chapman & Hall (London), 193–207.

[SeSi86] Scherer, K., and P. W. Smith (1989), “Existence of best parametric interpolation by curves”, SIAM J. Math. Anal. 20 (1), 160–168.

[Se97] Scherer, K. (1997), “Uniqueness of best parametric interpolation by cubic spline curves”, Constr.

Approx. 13, 393–419.

[To82] Töpfer, H.–J. (1980), “Models for smooth curve fitting”, in Numerical Methods of Approximation Theory Vol. 6, ISNM 59 (L. Collatz, G. Meinardus and H. Werner, eds), Birkhäuser Verlag (Basel), 209–224.

[To98] Töpfer, H.–J. (1998), The derivation of the necessary condition in section 2.1 of [To82], Unpublished notes.

[W90] Wahba, G. (1990), Spline Models for Observational Data, CBMS-NSF Regional Conference Series in Applied Mathematics 59, SIAM (Philadelphia, PA).