J. Math. Mech. 15 (1966), pp. 953–970

On splines and their minimum properties

Carl de Boor & Robert E. Lynch^1 Communicated by G. Birkhoff

0. Introduction. It is the purpose of this note to show that the several minimum properties of odd degree polynomial spline functions [4, 18] all derive from the fact that spline functions are representers of appropriate bounded linear functionals in an appropriate Hilbert space. (These results were first announced in Notices, Amer. Math. Soc., 11 (1964) 681.) In particular, spline interpolation is a process of best approximation, i.e., of orthogonal projection, in this Hilbert space. This observation leads to a generalization of the notion of spline function. The fact that such generalized spline functions retain all the minimum properties of the polynomial splines, follows from familiar facts about orthogonal projections in Hilbert space. 1. Polynomial splines and their minimum properties. A polynomial spline function, s(x), of degree m ≥ 0, having the n ≥ 1 joints x_1 < x_2 < · · · < x_n, is by definition a real valued function of class C^{(m−1)}(−∞, ∞), which reduces to a polynomial of degree at most m in each of the n + 1 intervals (−∞, x_1), (x_1, x_2), . . ., (x_n, +∞). The most general such function is given by

s(x) = m∑ i=0 α_ix^i + n∑ j=1 β_j (x − x_j )^m_+ ,

where α_i, i = 0, . . ., m, and β_j , j = 1, . . ., n, are real numbers and

(x)^m_+ = { x^m, x ≥ 0, 0 , x < 0.

Specifically, let m = 2k − 1, and n ≥ k ≥ 1, and let S_0 denote the family of polynomial spline functions of odd degree m with joints x_1, . . ., x_n, which reduce to polynomials of degree at most k − 1 in each of the two intervals (−∞, x_1) and (x_n, ∞). Equivalently, S_0 consists of all polynomial spline functions s(x) of degree m with joints x_1, . . ., x_n which satisfy

(1.1) s^{(j)}(x_1) = s^{(j)}(x_n) = 0, j = k, . . . , 2k − 2,

s^{(2k−1)}(x) ≡ 0, all x /∈ [x_1, x_n].

Hence, for n = k, S_0 consists just of the set {π_{k−1}} of polynomials of degree at most k − 1. Let [a, b] be a finite interval containing all the joints x_1, . . ., x_n and consider S_0 as a subset of the class of functions [19]

(1.2) F^{(k)}[a, b] = { f(x) | f ∈ C^{(k−1)}[a, b], f^{(k−1)}absolutely continuous, f^{(k)} ∈ L^2[a, b] } . The elements of S_0 have the following properties [4], [18]:

Interpolation property: Given f ∈ F^{(k)}[a, b], there exists a unique element s(x) ∈ S_0 satisfying

s(x_i) = f(x_i), i = 1, . . . , n.

Denote this unique element by P f.

1 The work of R. E. Lynch was supported in part by the National Science Foundation through Grant GP–217 and by the Army Research Office(Durham) through Grant DA–ARO(D)–31–124–G388, at The University of Texas.

First minimum property: If f ∈ F^{(k)}[a, b] and s ∈ S_0, then ∫_b a [ f^{(k)}(x) − s^{(k)}(x)

]_2

dx ≥

∫_b a [ f^{(k)}(x) − (P f)^{(k)}(x)

]_2 dx, with equality if and only if s = P f + π_{k−1}.

Second minimum property: If f ∈ F^{(k)}[a, b], then ∫_b a [ f^{(k)}(x)

]_2

dx ≥

∫_b a [ (P f)^{(k)}(x)

]_2 dx, with equality if and only if f = P f.

A third minimum property concerns the linear approximation of a linear functional L on F^{(k)}[a, b] of the form

Lf = k−1∑ i=0 ∫_b a f^{(i)}(y)dμ_i(y),

where the μ_i(x) are functions of bounded variation. For later reference, we denote by L^{(k)} the set of all such linear functionals.

Third minimum property: For all L ∈ L^{(k)}, and all f ∈ F^{(k)}[a, b], the best approximation, L^∗f, in the sense of Sard [15] (see below in Section 2) to Lf by an expression of the form

∑_n i=1 α_if(x_i) is given by operating with L on P f; for short, L^∗ = LP . This approximation is exact for all f ∈ S_0.

2. Representers in Hilbert space and their minimum properties. In order to relate these minimum properties of the elements of S_0 to “familiar facts about orthogonal projections in Hilbert space,” we need the following facts:

Theorem 2.1. The linear space F^{(k)}[a, b] is a Hilbert space with respect to the inner product

(2.1) (f, g) = k∑ i=1 f(x_i)g(x_i) +

∫_b a f^{(k)}(y)g^{(k)}(y)dy, all f, g ∈ F^{(k)}[a, b].

This Hilbert space possesses a reproducing kernel [1], [3], K(x, y), which is

(2.2)

K(x, y) = k∑ i=1 c_i(x)c_i(y) + (−1)^k { (x − y)^{2k−1}_+

+ k∑ i=1 k∑ j=1 (x_i − x_j )^{2k−1}_+ c_i(x)c_j (y)

− k∑ i=1 [ (x − x_i)^{2k−1}_+ c_i(y) + (x_i − y)^{2k−1}_+ c_i(x) ]}/ (2k − 1)!,

where

c_i(x) = k∏ j=1,j≠i

(x − x_j )/(x_i − x_j ), i = 1, . . . , k.

For all L ∈ L^{(k)}, for all f ∈ F^{(k)}[a, b],

(2.3)

Lf = k∑ i=1 L(c_i)f(x_i)

+ 1 (k − 1)!

∫_b a L_{(x)} ( (x − y)^{k−1}_+ − k∑ i=1 c_i(x)(x_i − y)^{k−1}_+ ) f^{(k)}(y)dy.

Here and below, the subscript (x) [or (y)] indicates [5] that an operation is to be performed on a function of x [or y] for fixed y [or fixed x].

This theorem is a special case of Theorem 3.1 and Lemma 3.1 proved below in Section 3.

Corollary. The linear functionals L_i, i = 1, . . ., n, given by (2.4) L_if = f(x_i), i = 1, . . . , n, all f ∈ F^{(k)}[a, b], are bounded; their representers [3] span S_0.

Proof. A linear functional L on a real Hilbert space H with reproducing kernel K(x, y) is bounded only if the function ϕ(x) = L_{(y)}K(x, y) is in H, and in that case, ϕ(x) is its representer, i.e., Lf = (f, ϕ), all f ∈ H.

Since the linear functionals L_i, i = 1, . . ., n, are linearly independent over F^{(k)}[a, b], the corollary follows from the fact that, by (2.2), K(x, x_i) ∈ S_0, i = 1, . . ., n.

Let now, more generally, L_1, . . ., L_n be n linearly independent bounded linear functionals over a real Hilbert space H, and let S = ⟨ϕ_1, . . ., ϕ_n⟩ be the n–dimensional subspace of H spanned by the representers ϕ_1, . . ., ϕ_n of the L_i. Given f ∈ H, an element g ∈ H is said to interpolate f with respect to L_1, . . ., L_n if L_ig = L_if, i = 1, . . . , n.

Let P_s denote the orthogonal projection from H onto S, i.e., for f ∈ H, P_sf is the unique best approximation to f by an element in S with respect to the norm in H. Then P_s satisfies [7] (2.5) (P_sf, h) = (P_sf, P_sh) = (f, P_sh), all f, h ∈ H, and (2.6) ‖f‖^2 = ‖f − P_sf‖^2 + ‖P_sf‖^2, all f ∈ H. By setting h = ϕ_i in(2.5), it follows that (2.7) L_i(P_sf) = L_i(f), all f ∈ H, i = 1, . . . , n.

This proves Lemma 2.1. Given f ∈ H, P_sf is the unique element in S which interpolates f with respect to L_1, . . ., L_n.

For illustration, if H is F^{(k)}[a, b] with inner product (2.1), and the L_i are given by (2.4), Lemma 2.1 states that the spline function P f ∈ S_0, which, by definition, interpolates f at the points x_1, . . ., x_n, is also the best approximation to f with respect to the norm

‖g‖^2 = k∑ i=1 (g(x_i))^2 +

∫_b a [g^{(k)}(y)]^2dy,

thus implying the first minimum property in Section 1.

An element f ∈ H is in S if and only if f = P_sf. This may be put somewhat differently. Given f ∈ H, let W_f = { h | h ∈ H, L_i(h) = L_i(f) for i = 1, . . . , n } . Then, it follows from Lemma 2.1 that (2.8) P_sh = P_sf, all h ∈ W_f . Hence one has from (2.6) that (2.9) ‖P_sf‖ ≤ ‖h‖, all h ∈ W_f , with equality if and only if h = P_sf; and we have proved the following

Lemma 2.2. An element f ∈ H is in S if and only if f is the element of minimal norm in the set W_f of all elements of H that interpolate f with respect to L_1, . . ., L_n.

Specifically, if H is F^{(k)}[a, b] with inner product (2.1) and the L_i are given by (2.4), then for all h ∈ W_f , k∑ i=1 (h(x_i))^2 = k∑ i=1 (f(x_i))^2,

and the second minimum property of polynomial splines follows.

Returning once more to the general situation, let L be a bounded linear functional on H with representer ϕ. We wish to approximate L by a linear functional of the form

∑_n i=1 α_iL_i in such a way that the norm

(2.10) ‖R‖ = sup_{‖f‖≤1} |Rf|

of the error functional R = L −

∑_n i=1 α_iL_i be minimized. Since ‖R‖ = ‖ϕ − ∑ α_iϕ_i‖, we have

Lemma 2.3. The element ϕ = P_S ϕ is the representer of the unique best approximation L to L by a bounded linear functional of the form

∑_n i=1 α_iL_i with respect to the norm (2.10).

In particular, one has by (2.5) that

(2.11) L(f) = (f, P_S ϕ) = (P_S f, ϕ) = L(P_S f), all f ∈ H.

Corollary 1. Given f ∈ H, the value of the best approximation to L at f is equal to the value of L at the best approximation to f.

It is this property which makes L so attractive for use in computational work: any computational scheme which solves the interpolation problem also solves the problem of computing the best approximation to any bounded linear functional.

For f ∈ S, P_S f = f; therefore, by (2.11), L(f) = L(f), for f ∈ S.

Corollary 2. The approximation L to L is exact for f ∈ S.

Once again, let H be, in particular, F^{(k)}[a, b] with inner product (2.1), and let the L_i be given by (2.4). Then Corollaries 1 and 2 of Lemma 2.3 imply the third minimum property of polynomial splines. To see this, we need to recall the definition of L^∗, the best approximation to L in the sense of Sard [15], [18] by a linear combination of the L_i.

Since n ≥ k, it is possible to choose numbers α_1, . . ., α_n so that Rf = 0 whenever f ∈ {π_{k−1}}. The set

M = { L^′ = k∑ i=1 α_iL_i | Lf = L^′f for f ∈ {π_{k−1}} }

is therefore not empty. By Peano’s theorem [3], [11], or by (2.3) in Theorem 2.1, we can write Rf as

Rf = (L − L^′)f =

∫_b a K(t)f^{(k)}(t)dt, all L^′ ∈ M,

where K(t) = R_{(x)}(x − t)^{k−1}_+ /(k − 1)!,

provided that L ∈ L^{(k)}. With this, L^∗ is defined as the unique element in M which minimizes

∫_b a ( K(t)

)_2 dt.

But this is just the demand that L^∗ minimize ‖L − L^′‖ over all L^′ ∈ M. It is now immediate that L and L^∗ agree. First, the assumption that L ∈ L^{(k)} is sufficient (though not necessary) to insure that L_{(y)}K(x, y) ∈ F^{(k)}[a, b], so that L is defined. Also, by Corollary 2 of Lemma 2.3, L ∈ M. Hence, since L minimizes ‖L − L^′‖ over all L^′ = ∑ α_iL_i, we have L = L^∗, and the third minimum property follows.

Finally, we mention some estimates for the error Rf = Lf − Lf. Since

Lf − Lf = (ϕ − ϕ, f) = ( ϕ, (I − P_S )f ) , use of Schwarz’s inequality gives

(2.12) |Lf − Lf| ≤ ‖ϕ − ϕ‖ ‖f‖, and |Lf − Lf| ≤ ‖ϕ‖ ‖f − P_S f‖.

But since, by (2.5), ((I − P_S )ϕ, f) = ((I − P_S)ϕ, (I − P_S )f), we have the better estimate

(2.13) |Lf − Lf| ≤ ‖ϕ − ϕ‖ ‖f − P_S f‖.

Hence if ‖f‖ ≤ r, which implies ‖f − P_S f‖ ≤ (r^2 − ‖P_S f‖^2)^{1/2}, then

(2.14) Lf − ‖ϕ − ϕ‖ (r^2 − ‖P_S f‖^2)^{1/2} ≤ Lf ≤ Lf + ‖ϕ − ϕ‖ (r^2 − ‖P_S f‖^2)^{1/2}.

The importance of the fact that this estimate depends only on the bound r and the numbers L_i(f), i = 1, . . ., n, and is optimal with respect to this information, is rightfully stressed in [5].

3. The Hilbert space F^{(k)}[a, b]. The linear space F^{(k)}[a, b] can be made into a Hilbert space in various ways, thus providing various classes of functions which, due to the fact that they are representers of suitable linear functionals, have all the minimum properties of polynomial splines.

Specifically, let M be a k–th order ordinary linear differential operator in normal form,

(3.1) M = (d^k/dx^k) + k−1∑ i=0 a_i(x)(d^i/dx^i),

and let L_1, . . ., L_k be k linear functionals. Under suitable conditions on the a_i(x) and the L_i,

(3.2) (e, f) = k∑ i=1 L_i(e)L_i(f) +

∫_b a (Me)(y)(Mf)(y)dy, all e, f ∈ F^{(k)}[a, b],

is an inner product defined on F^{(k)}[a, b], which makes F^{(k)}[a, b] into a Hilbert space with reproducing kernel.

This is proved in the following theorem, which provides facts necessary to define and describe generalized splines and their minimum properties.

Theorem 3.1. Let M be any k–th order ordinary linear differential operator in normal form, (3.1), where k ≥ 1 and and a_i ∈ C[a, b], i = 0, . . ., k −1. Let N (M) denote the k–dimensional linear subspace of all functions f in C^{(k)}[a, b] for which Mf = 0. Let L_1, . . ., L_k be any set of k linear functionals in L^{(k)}, which is linearly independent over N (M). Then F^{(k)}[a, b] is a Hilbert space with respect to the inner product (3.2), and has a reproducing kernel. This reproducing kernel, K, is given by

(3.3) K(x, y) = k∑ i=1 c_i(x)c_i(y) +

∫_b a G(x, t)G(y, t)dt, x, y ∈ [a, b],

where c_i, . . ., c_k is the dual basis to L_1, . . ., L_k in N (M), and G(x, y) is the Green’s function for the differential equation (Mf)(x) = e(x) with L_i(f) = 0, i = 1, . . ., k.

Proof. The assumptions on the coefficients of the differential operator M are sufficient to insure [2, p. 117] that N (M) is indeed of dimension k. Moreover, for each x ∈ [a, b] and each f ∈ F^{(k)}[a, b] there exists a unique element s ∈ N (M) such that s^{(j)}(x) = f^{(j)}(x), j = 0, . . . , k − 1.

Denote this element by Q^{(x)}f and define a function h on [a, b] × [a, b] by (3.4) h(x, y) = Q^{(y)}_{(x)}(x − y)^{k−1}/(k − 1)!. Then (3.5) M_{(x)}h(x, y) = 0, all x, y ∈ [a, b],

(3.5^′) ∂^j h(x, y)/∂x^j |_{x=y} = ∂_{j,k−1}, j = 0, . . . , k − 1, and [2, p. 89] for all f ∈ C^{(k)}[a, b], (3.6) f(x) = (Q^{(a)}f)(x) +

∫_x a h(x, y)(Mf)(y)dy, all x ∈ [a, b].

Thus, the function (3.7) g(x, y) = { h(x, y), x ≥ y,

0 , x < y, is just the Green’s function for the initial value problem Mf = e, f^{(j)}(a) = 0, j = 0, . . . , k − 1.

For the proof of Theorem 3.1, we need to know that (3.6) holds not only for f ∈ C^{(k)}[a, b], but also for all f ∈ F^{(k)}[a, b].

Lemma 3.1. Under the hypotheses of Theorem 3.1, the identy (3.8) f(x) = (Q^{(a)}f)(x) +

∫_b a g(x, y)(Mf)(y)dy is valid for all f ∈ F^{(k)}[a, b] and all x ∈ [a, b]. More generally, for any linear functional L ∈ L^{(k)}, (3.9) Lf = L(Q^{(a)}f) +

∫_b a L_{(x)}g(x, y)(Mf)(y)dy, all f ∈ F^{(k)}[a, b].

We were unable to find a reference for this lemma. We defer its proof to the Appendix and continue with the proof of Theorem 3.1.

By hypothesis, the linear functionals L_i, i = 1, . . ., k, form a maximal linearly independent set over N (M). There exist, therefore, k functions, c_i ∈ N (M), i = 1, . . ., k, such that L_ic_j = δ_{ij} , i, j = 1, . . . , k.

With these, define a projection operator P from F^{(k)}[a, b] onto N (M) by

(3.10) (P f)(x) = k∑ i=1 (L_if)c_i(x), all f ∈ F^{(k)}[a, b].

Then, in particular, P f = f for f ∈ N (M), and, by Lemma 3.1,

(P f)(x) = ( P (Q^{(a)}f) ) (x) + P

∫_b a g(x, y)(Mf)(y)dy

= (Q^{(a)}f)(x) +

∫_b a P_{(x)}g(x, y)(Mf)(y)dy, all f ∈ F^{(k)}[a, b],

where, by Lemma 3.1, the interchange of integration and the operator P is justified by the assumption that the L_i are in L^{(k)}. Therefore, with the definition

(3.11) G(x, y) = (I − P )_{(x)}g(x, y), x, y ∈ [a, b],

it follows that

(3.12) f(x) = (P f)(x) +

∫_b a G(x, y)(Mf)(y)dy, x ∈ [a, b], all f ∈ F^{(k)}[a, b].

Hence, if for some e ∈ L^2[a, b] and some f_0 ∈ N (M),

(3.13) f(x) = f_0(x) +

∫_b a G(x, y)e(y)dy,

then f ∈ F^{(k)}[a, b], L_if = L_if_0, i = 1, . . . , k, and Mf = e a.e.,

which also shows that G is the Green’s function for Mf = e, L_if = 0, i = 1, . . ., k. With these facts established, all assertions of the theorem follow.

First, one checks that (3.2) indeed defines an inner product, i.e., a symmetric positive definite bilinear form on F^{(k)}[a, b].

Secondly, F^{(k)}[a, b] is complete with respect to the norm ‖f‖ = (f, f)^{1/2}. For if {f_j }^∞_1 is a Cauchy sequence in F^{(k)}[a, b] with respect to this norm, then {L_if_j }^∞_{j=1} is a Cauchy sequence of real numbers, so γ_i = lim_{j→∞}(L_if_j ) exists, i = 1, . . ., k; furthermore, {Mf_j }^∞_{j=1} is a Cauchy sequence in L^2[a, b] which, therefore, converges in L^2 to some e ∈ L^2[a, b]. But then,

f(x) = k∑ i=1 γ_ic_i(x) +

∫_b a G(x, y)e(y)dy

is the limit point of the sequence {f_j }^∞_1 in F^{(k)}[a, b].

Finally, let K be the function on [a, b] × [a, b] defined by (3.3). Then, by the remarks following (3.12), K(x, y), as a function of x, is in F^{(k)}[a, b] for each y ∈ [a, b], and

(3.14)

M_{(y)}K(x, y) = G(x, y), x, y ∈ [a, b],

L_{i(y)}K(x, y) = c_i(x), i = 1, . . . , k, x ∈ [a, b].

Therefore, using (3.12) once more, we get

f(x) = k∑ i=1 c_i(x)(L_if) +

∫_b a G(x, y)(Mf)(y)dy

= k∑ i=1 L_{i(y)}K(x, y)L_if +

∫_b a M_{(y)}K(x, y)(Mf)(y)dy = ( K(x, y), f(y) ) (y), x ∈ [a, b], all f ∈ F^{(k)}[a, b].

But this shows that K is the reproducing kernel for F^{(k)}[a, b], which concludes the proof.

Remark. Lemma 3.1 has as a consequence many classical integral representations for the error of formulas for interpolation, quadrature, and numerical differentiation, e.g. those of Peano [11], [12], Radon [13], Remes [14], Milne [10], Golomb and Weinberger [5], Weinberger [23], and others. Explicitly, if n + 1 linear functionals L_0, . . ., L_n from L^{(k)} are given, and if the error functional, R = L_0 −

∑_n i=1 α_iL_i, vanishes on the null space N (M) of the ordinary k–th order linear differential operator M, (3.1), then

(3.15) Rf =

∫_b a R_{(x)}g(x, y)(Mf)(y)dy, all f ∈ F^{(k)}[a, b],

where g(x, y) is the Green’s function associated with the initial value problem

(Mf)(x) = e(x), f^{(j)}(a) = 0, j = 0, . . . , k − 1.

By Schwarz’s inequality, this results in the error estimate

(3.16) |Rf|^2 ≤

∫_b a [R_{(x)}g(x, y)]^2dy

∫_b a [(Mf)(y)]^2dy,

which corresponds to (2.12) and supplies the motivation for Sard’s proposal to choose the approximation ∑_n

i=1 α_iL_i to L_0 in such a way that

∫_b a [R_{(x)}g(x, y)]^2dy be minimized.

4. Polynomial spline functions. As an illustration for the use of Theorem 3.1 and Lemmas 2.1–2.3 and their corollaries, we consider once more polynomial splines. Accordingly, we choose M = (d^k/dx^k), so that N (M) = {π_{k−1}}. In this case, g(x, y) in (3.7) is

(4.1) g(x, y) = (x − y)^{k−1}_+ /(k − 1)!

so that the reproducing kernel (see (3.3) and (3.14)) is indeed given by (2.2), provided L_if = f(x_i), i = 1, . . ., k. By the corollary to Theorem 2.1, the space S_0 is spanned by the representers of the linear functionals L_i, . . ., L_n, given by L_if = f(x_i), i = 1, . . ., n.

As noted above, because of the condition (1.1), the elements of S_0 restricted to the interval [x_1, x_n] do not constitute all polynomial spline functions of degree 2k − 1 with joints x_2, . . ., x_{n−1} in that interval. But the subspace S_1 spanned by the representers ϕ_1, . . ., ϕ_m of L_1, . . ., L_m does have this property in case the L_i are given by L_if = f^{(i−1)}(x_1), i = 1, . . . , k,

L_{k−1+i}f = f(x_i), i = 2, . . . , n − 1,

L_{m+1−i}f = f^{(i−1)}(x_n), i = 1, . . . , k,

where, as before, a ≤ x_1 < · · · < x_n ≤ b, while only n ≥ 2. So m = 2k + n − 2.

We omit the straightforward verification of this fact and note only that with this choice for the L_i, Lemma 2.1 implies the remark following Lemma 2 of [4] as well as Theorem 2 of [4]; Lemma 2.2 implies Lemma 2’ of [4].

The first two minimum properties of polynomial splines were first pointed out explicitly* by Walsh, Ahlberg, and Nilson [21] in the special case k = 2 of cubic periodic splines. In the remainder of this section, we derive the three minimum properties for periodic polynomial splines of degree 2k − 1. The statement of the first two will be somewhat more general than as given in [22].

The linear functionals

L_1f = f(a), L_if = f^{(i−2)}(b−) − f^{(i−2)}(a+), i = 2, . . . , k,

are linearly independent over {π_{k−1}}, and are in L^{(k)}. Their dual basis c_1, . . ., c_n in {π_{n−1}} can be computed

∗ All the minimum properties as listed in Section 1 are contained implicitly already in [5].

recursively by c_1(x) ≡ 1, c_i(x) = d_i(x) − d_i(a), i = 2, . . . , k, where d_1(x) ≡ 1/(b − a),

d_{i+1}(x) =

∫_x a d_i(y)dy − 1 b − a

∫_b a ∫_x a d_i(y)dydx, i = 1, . . . , k − 1.

F^{(k)}[a, b] is, therefore, a Hilbert space with respect to the inner product (3.2) (with M = d^k/dx^k), and has a reproducing kernel, K(x, y), given by

(4.2)

K(x, y) = k∑ i=1 c_i(x)c_i(y) + γ(x, y),

γ(x, y) =(−1)^k { (x − y)^{2k−1}_+ /(2k − 1)!

− k∑ i=2 [ (b − y)^{2k−i+1}c_i(x) − (x − a)^{2k−i+1}c_i(y) ] /(2k − i + 1)!

− k∑ i=2 k∑ j=2 (b − a)^{2k−i−j+3}c_i(x)c_j (y)/(2k − i − j + 3)! } .

Let L_{k+1}f = f^{(k−1)}(b−) − f^{(k−1)}(a+), and set c_{k+1}(x) = L_{k+1(y)}K(x, y). The closed subspace

F^{(k)}_p [a, b] = { f ∈ F^{(k)}[a, b] | L_if = 0, i = 2, . . . , k + 1 }

of F^{(k)}[a, b] is also a Hilbert space with respect to (3.2), and one checks that K_p(x, y), given by

(4.3)

K_p(x, y) = K(x, y) − k+1∑ i=2 c_i(x)c_i(y)

= 1 − c_{k+1}(x)c_{k+1}(y) + γ(x, y),

is its reproducing kernel. On F^{(k)}_p [a, b], (3.2) simplifies to

(4.4) (e, f) = e(a)f(a) +

∫_b a e^{(k)}(y)f^{(k)}(y)dy, all e, f ∈ F^{(k)}_p [a, b].

Let a = x_1 < x_2 < · · · < x_n = b, n ≥ 2. Then, the linear functionals N_1, . . ., N_{n−1}, given by N_if = f(x_i), i = 1, . . ., n − 1, are linearly independent and bounded over F^{(k)}_p [a, b]. Their representers, K_p(x, x_i), i = 1, . . ., n − 1, span therefore an (n − 1)–dimensional subspace, S_2, of F^{(k)}_p [a, b]. By (4.2) and (4.3), S_2 consists of piecewise polynomial functions in C^{(2k−2)}[a, b] of degree 2n − 1 with joints at x_1, . . ., x_n. Also, along with any other element of F^{(k)}p [a, b], any s ∈ S_2 satisfies s^{(j)}(a+) = s^{(j)}(b−), j = 0, . . . , k − 1.

But, in fact, if d ∈ [a, b] and ϕ_d(x) = K_p(x, d), then also

(4.5) ϕ^{(j)}_d (a+) = ϕ^{(j)}_d (b−), j = k, . . . , 2k − 2, which implies that S_2 is the set of periodic polynomial splines with period (b − a) of degree 2k − 1 with joints x_1, . . ., x_{n−1} (considered as functions defined on [a, b] only).

To verify (4.5), we observe that, in the notation of Theorem 3.1 (see (3.10), (3.11)),

(4.6)

P_{(y)}G(x, y) = P_{(y)}(I − P )_{(x)}g(x, y) = (I − P )_{(x)}P_{(y)}g(x, y) = k∑ i=1 (I − P )_{(x)} ( L_{i(y)}g(x, y) ) c_i(y).

Since in this particular case, g(x, y) = (x − y)^{k−1}_+ /(k − 1)!, we have

L_{1(y)}g(x, y) ≡ 0, L_{i(y)}g(x, y) = −(x − a)^{k−i+1}/(k − i + 1)!, i = 2, . . . , k,

hence L_{i(y)}g(x, y) ∈ {π_{k−1}}, i = 1, . . . , k, so that the coefficient of c_i(y) in (4.6) vanishes indentically for each i = 1, . . ., k. Hence P_{(y)}G(x, y) ≡ 0 on [a, b] × [a, b]. But as (∂^k/∂x^k)K(x, y) ≡ G(x, y), this implies that ψ^{(j)}_d (a+) = ψ^{(j)}_d (b−), j = k, . . ., 2k − 2, where ψ_d(x) = K(x, d). Hence, as ϕ^{(k)}_d (x) ≡ ψ^{(k)}_d (x) + constant, while

ϕ^{(j)}_d (x) ≡ ψ^{(j)}_d (x), j = k + 1, . . . , 2k − 2,

equation (4.5) follows.

We proved

Theorem 4.1. Let S_2 be the set of polynomial spline functions of degree 2k − 1 with joints x_1, . . ., x_{n−1}, where a = x_1 < · · · < x_n = b, which are periodic with period (b − a). For i = 1, . . ., n − 1, let ϕ_i(x) be the representer in F^{(k)}p [a, b] with respect to (4.4) of the linear functional N_i, given by N_if = f(x_i). Then S_2, considered as a subset of F^{(k)}p [a, b], is spanned by ϕ_1, . . ., ϕ_{n−1}.

Corollary. For all f ∈ F^{(k)}p [a, b], (i) there exists a unique element s_f ∈ S_2 satisfying s_f (x_i) = f(x_i), i = 1, . . ., n − 1; (ii) for all s ∈ S_2, ∫_b a [ f^{(k)}(x) − s^{(k)}(x)

]_2

dx ≥

∫_b a [ f^{(k)}(x) − s^{(k)}_f (x)

]_2 dx with equality if and only if s(x) − s_f (x) ≡ constant; (iii) ∫_b a [f^{(k)}(x)]^2dx ≥

∫_b a [s^{(k)}_f (x)]^2dx

with equality if and only if f = s_f ; (iv) if L is any linear functional in L^{(k)}, and L is that element of the set { N = n−1∑ i=1 α_iN_i | (L − N)(1) = 0, α_i real, i = 1, . . . , n − 1 }

which minimizes ∫_b a [ (L − N)_{(y)}(x − y)^{k−1}_+ /(k − 1)!

]_2 dx, then Lf = Ls_f .

5. General spline functions. We have proved Theorem 3.1 in all its generality since, practical considerations aside, there seems to be nothing inherently special about the use of the seminorm

(5.1)

∫_b a [f^{(k)}(x)]^2dx as compared with the seminorm

(5.2)

∫_b a [Mf(x)]^2dx,

where M is the k–th order ordinary differential operator (3.1). Moreover, there is no mathematical reason to single out the point functionals

(5.3) L_i(f) = f(x_i), i = 1, . . . , n,

from the more general set of bounded linear functionals over the Hilbert space F^{(k)}[a, b]. It would, therefore, seem acceptable to define a general set of spline functions S on [a, b] belonging to the differential operator M and the set L_1, . . ., L_n of linearly independent bounded linear functionals over F^{(k)}[a, b] as the n–dimensional subspace S spanned by functions ϕ_1, . . ., ϕ_n which are the representers of the linear functionals L_1, . . ., L_n with respect to the inner product (3.2). (M. Atteia in a note to appear in Comptes Rendus Acad. Sci. Paris has gone even farther and given a definition of “spline function” entirely in the setting of abstract Hilbert space.) According to Section 2, these splines retain all the (appropriately worded) minimum properties of polynomial splines.

But in order not to dilute the notion of spline function too much, we prefer to follow Greville’s definition of general spline function [6].

Definition. Let S be an m–dimensional subspace of C^{(m)}[a, b], where [a, b] is a finite interval and let a ≤ x_1 < · · · < x_n ≤ b. A real valued function f on [a, b] is a spline function with respect to S of order m with joints x_1, . . ., x_n, provided that f ∈ C^{(m−2)}[a, b] and f coincides in each interval (a, x_1), (x_1, x_2), . . ., (x_n, b) with some element in S.

If the coefficients a_i of the differential operator M in (3.1) are such that a_i ∈ C^{(i)}[a, b], i = 0, . . ., k − 1, (i.e., if the coefficients are smoother than required in Theorem 3.1), then M possesses an adjoint differential operator M^∗ given by

(5.4) M^∗ = (−1)^k(d^k/dx^k) + k−1∑ i=0 (−1)^i(d^ia_i(x)/dx^i),

which, after carrying out the differentiation and rearranging the terms, can be written as

(5.4^′) M^∗ = (−1)^k [ (d^k/dx^k) + k−1∑ i=0 b_i(x)(d^i/dx^i) ] ,

for appropriate b_i ∈ C^{(i)}[a, b]. As we now show, in this case the representers of the point functionals (5.3) in the Hilbert space F^{(k)}[a, b] with inner product (3.2) are spline functions of order 2k with respect to the null space N (M^∗M) of M^∗M.

Let u_1, . . ., u_k be a basis in N (M). The function h(x, y) which satisfies (3.5)–(3.5’) can be written as

h(x, y) = k∑ i=1 v_i(y)u_i(x),

where the coefficients v_i are the solution of the system k∑ i=1 v_i(y)d^j u_i/dx^j = δ_{j,k−1} for x = y and j = 0, . . . , k − 1.

Consequently [8, p. 78], the functions v_i form a basis for N (M^∗). Hence as a function of y, h(x, y) ∈ N (M^∗). It then follows that as a function of y, G(x, y) in (3.11) satisfies M^∗_{(y)}G(x, y) = 0, y ≠ x. But then, because of (3.14), M^∗_{(y)}M_{(y)}K(x_j , y) = 0, y ≠ x_j , j = 1, . . . , n, which shows that in the intervals (a, x_1), (x_1, x_2), . . ., (x_n, b),

K(x_j , y) ∈ N (M^∗M), j = 1, . . . , n.

Since as a function of y, G(x, y) ∈ C^{k−2}, it follows from (3.14) that as a function of y, K(x, y) ∈ C^{2k−2}. Finally, since K(x, y) ≡ K(y, x), the representers ϕ_i of the point functionals (5.3) are, ϕ_i(x) = K(x_i, x), which completes the demonstration.

Remark added in 1976. The argument just given assumes implicitly that the coefficients a_j are smoother than explicitly assumed. That being so, it seems strange that the smoothness of the adjoined coefficients, b_j , does not seem to play a role in the next theorem.

Theorem 5.1. Let M be any k–th order ordinary linear differential operator in normal form, (3.1), where k ≥ 1, a_i ∈ C^i[a, b], i = 0, . . ., k, and [a, b] is a finite interval. Let a ≤ x_1 < x_2 < · · · < x_n ≤ b, with n ≥ k and assume that the first k of the n linear functionals L_1, . . ., L_n given by (5.3) are linearly independent over N (M). Then the space S spanned by the representers ϕ_i of the L_i with respect to the inner product (3.2) consists of all spline functions with respect to N (M^∗M) of order 2k with joints x_1, . . ., x_n. For all f ∈ F^{(k)}[a, b], there exists a unique element s ∈ S denoted by P f which interpolates f with respect to L_1, . . ., L_n. For all f ∈ F^{(k)}[a, b] and all h ∈ S,

∫_b a [ (Mf)(y) − (M(P f))(y)

]_2

dy ≤

∫_b a [ (Mf)(y) − (Mh)(y)

]_2 dy with equality if and only if h − P f ∈ N (M). For all f ∈ F^{(k)}[a, b] and all h ∈ F^{(k)}[a, b] interpolating f with respect to L_1, . . ., L_n, ∫_b a [M(P f)(y)]^2dy ≤

∫_b a [(Mh)(y)]^2dy

with equality if and only if h = P f. For all L ∈ L^{(k)}, Sard’s best formula L^∗ =

∑_n i=1 α_iL_i for L (with respect to M) satisfies L^∗f = LP f, for all f ∈ F^{(k)}[a, b].

Appendix Proof of Lemma 3.1. The assumptions on the differential operator M are sufficient [8, pp. 72–75] to insure that the function h defined in (3.4) has all partial derivatives with respect to x up to and including the k–th, and that these partial derivatives are continuous on [a, b] × [a, b] in x and y jointly. Therefore, there exists a constant N such that

|∂^j h(x, y)/∂x^j | ≤ N, all x, y ∈ [a, b], j = 0, . . . , k.

Furthermore, if e ∈ C[a, b], then, using Leibniz’s rule [9] and (3.5’), one computes

d^j dx^j

∫_x a h(x, y)e(y)dy = δ_{kj} e(x) +

∫_x a ∂^j ∂x^j h(x, y)e(y)dy, j = 1, . . . , k.

Let e ∈ L^2[a, b], then there exists a sequence {e_i}^∞_1 , e_i ∈ C[a, b], such that as i → ∞,

‖e − e_i‖_2 = [ ∫ b a |e(y) − e_i(y)|^2dy

]_{1/2} → 0. Set f_i(x) =

∫_x a h(x, y)e_i(y)dy, i = 1, 2, . . . , and s_j (x) = δ_{kj} e(x) +

∫_x a ∂^j ∂x^j h(x, y)e(y)dy j = 0, . . . , k.

Note that s_k is defined only almost everywhere. We have for all x ∈ [a, b], j = 0, . . ., k, and i = 1, 2, . . ., | | ∫_x a ∂^j ∂x^j h(x, y)e(y)dy −

∫_x a ∂^j ∂x^j h(x, y)e_i(y)dy | |

≤ ∫_x a | | | ∂^j ∂x^j h(x, y) | | | |e(y) − ei(y)|dy

≤ [ ∫_x a | | ∂^j ∂x^j h(x, y) | |^2dy

]_{1/2} ‖e − e_i‖_2

≤ (b − a)^{1/2}N‖e − e_i‖_2.

Therefore, f^{(j)}_i → s_j uniformly on [a, b], for j = 0, . . ., k − 1, and f^{(k)}_i → s_k in the L^2 norm. Hence setting f = s_0, we have f^{(j)} = s_j , j = 0, . . ., k, where for j = k, the equality again holds only almost everywhere. In particular, f^{(j)}(a) = 0, j = 0, . . ., k − 1, and

(Mf)(x) = k−1∑ i=0 a_i(x)f^{(i)}(x) + f^{(k)}(x)

= ∫_x a M_{(x)}h(x, y)e(y)dy + e(x) = e(x).

Therefore, if f ∈ F^{(k)}[a, b], then

f(x) − (Q^{(a)}f)(x) =

∫_x a h(x, y)M(f − Q^{(a)}f)(y)dy =

∫_x a h(x, y)(Mf)(y)dy,

which proves the first part of Lemma 3.1.

Let L be the linear functional on F^{(k)}[a, b] defined by

Lf =

∫_b a f^{(j)}(x)dμ(x),

where μ is a function of bounded variation and 0 ≤ j ≤ k − 1. If

f(x) =

∫_x a h(x, y)e(y)dy,

where e ∈ L^2[a, b], then by the above and by Fubini’s Theorem,

Lf =

∫_b a ∫_x a ∂^j ∂x^j h(x, y)e(y)dydμ(x) = ∫_b a ∫_b y ∂^j ∂x^j h(x, y)dμ(x)e(y)dy

= ∫_b a L_{(x)}g(x, y)e(y)dy,

which implies the second part of Lemma 3.1.

Remark added in 1976. To be sure, r(y) := L_{(x)}g(x, y) is, at times, only defined almost everywhere, but equals

∫_b y g(x, y)dμ(x) a.e.

References [1] N. Aronszajn, Theory of reproducing kernels, Trans. Amer. Math. Soc., 68 (1950), pp. 337–404. [2] G. Birkhoff and G-C. Rota, Ordinary Differential Equations, Blaisdell Publishing Co,, xxx, 1963. [3] P. J. Davis, Interpolation and Approximation, Blaisdell, New York, 1963.

[4] C. de Boor, Best approximation properties of spline functions of odd degree, J. Math. Mech., 12 (1963), pp. 747–750.

[5] M. Golomb and H. F. Weinberger, Optimal approximation and error bounds, On Numerical Approximation (R. E. Langer, ed), U. Wis. Press, Madison, 1959, pp. 117–190.

[6] T. N. E. Greville, Interpolation by generalized spline functions, MRC 476, 1964. [7] P. Halmos, Introduction to Hilbert Spaces, 2nd ed., Chelsea Publ. Co., New York, 1957. [8] E. Kamke, Differentialgleichungen, Lösungsmethoden und Lösungen, 5. Auflage, Akademische Verlagsgesellschaft Geest u. Partig K-G., Leipzig, 1956.

[9] W. Kaplan, Advanced Calculus, Addison-Wesley, Reading MA, 1952.

[10] W. E. Milne, The remainder in linear methods of approximation, J. Research, Nat. Bureau Stand., 43 (1949), pp. 501–511.

[11] G. Peano, Resto nelle formule di quadratura espresso con un integralo definito, Atti della reale Acad.

dei Lincei, Rendiconti (5), 22 (1913), pp. 562–569.

[12] G. Peano, Residuo in formulas de quadratura, Mathesis (4), 34 (1914), pp. 5–10. [13] J. Radon, Restausdrücke bei Interpolations- und Quadraturformeln durch bestimmte Integrale, Monatsh.

Math. Phys., 42 (1935), pp. 389–396.

[14] E. J. Remes, Sur les termes complementaires de certaines formules d’analyse approximative, Doklady Akad. Nauk SSSR, 26 (1940), pp. 129–133.

[15] A. Sard, Linear approximation, Math. Survey 9, AMS, , 1963.

[16] I. J. Schoenberg, On interpolation by spline functions and its minimal properties, On Approximation Theory (Proc. Oberwolfach Conf. 4–10 Aug, 1963) (P. L. Butzer and J. Korevaar, eds), ISNM Vol. 5, Birkhäuser, Basel, 1964, pp. 109–129.

[17] I. J. Schoenberg, Spline interpolation and best quadrature formulae, Bull. Amer. Math. Soc., 70 (1964), pp. 143–148.

[18] I. J. Schoenberg, On best approximations of linear operators, Koninkl. Ned. Akad. Wetenschap. Proc.

Ser. A, 67 (1964), pp. 155–163.

[19] I. J. Schoenberg, Spline interpolation and the higher derivatives, Proc. Nat. Acad. Sci., 51 (1964), pp. 24–28.

[20] I. J. Schoenberg, On trigonometric spline interpolation, J. Math. Mech., 13(5) (1964), pp. 795–825. [21] J. L. Walsh, J. H. Ahlberg, and E. N. Nilson, Best approximation properties of the spline fit, J.

Math. Mech., 11 (1962), pp. 225–234.

[22] J. L. Walsh, J. H. Ahlberg, and E. N. Nilson, Best approximation and convergence properties of higher-order spline approximations, J. Math. Mech., 14 (1965), pp. 231–243.

[23] H. F. Weinberger, Optimal approximation for functions prescribed at equally spaced points, J. Res.

Nat. Bur. Standards, 65B (1961), pp. 99–104.